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PREFACE

This book investigates the various aspects of shape optimization of two-
dimensional continuum structures, including shape design sensitivity analysis,
structural analysis using the boundary element method (BEM), and shape

optimization implementation.

The book begins by reviewing the developments of shape optimization,
followed by the presentation of the mathematical programming methods for
solving optimization problems. The basic theory of the BEM is presented
which will be employed later on as the numerical tool to provide the structural

responses and the shape design sensitivities.

The key issue of shape optimization, the shape design sensitivity analy-
sis, is fully investigated. A general formulation of stress sensitivity using the
continuum approach is presented. The difficulty of the modelling of the ad-
joint problem is studied, and two approaches are presented for the modelling
of the adjoint problem. The first approach uses distributed loads to smooth
the concentrated adjoint loads, and the second approach employs the singu-
larity subtraction method to remove the singular boundary displacements and

tractions from the BEM equation.

A novel finite difference based approach to shape design sensitivity is pre-
sented, which overcomes the two drawbacks of the conventional finite difference
method. This approach has the advantage of being simple in concept, and eas-

ier implementation.

A shape optimization program for two-dimensional continuum structures is
developed, including structural analysis using the BEM, shape design sensitiv-
ity analysis, mathematical programming, and the design boundary modelling.
Some numerical examples are used to demonstrate the proposed formulations
for shape design sensitivity analysis and shape optimization implementation.
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Chapter 1

Introduction

1.1 Introduction

Engineering design is an iterative process, in which the design is continuously
modified until it meets the criteria set by the engineers. The traditional design
process is carried out by the so called ‘trial and error’ method, in which the
designer uses his experience and intuition to lead the design process. This
manual based design process has the advantage that the designer’s knowledge
can be utilized in the design, and this approach still dominates the design
method. But as the design problem becomes more complex, design modifica-
tion becomes much more difficult. Therefore there is a urgent need for a new

tool to guide the design modification.

The optimum design process attempts to use mathematical optimization
techniques to meet the above challenge, in which the design problem is trans-
formed into a mathematical optimization problem, and the design is modified

automatically toward the best design (or optimum design).

The basic principles of the optimization theory were established a long time

ago (17th and 18th centuries). However pure mathematical optimization is sel-
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dom used in practical design because of the high idealization of the technique.
Since the optimization is an iterative process requiring large computation, the
real engineering application of optimization methods has only now become

feasible with the advent of high performance digital computers.

The applications of optimization range from science and engineering, to eco-
nomics and commerce. One application of optimization is the optimum design
of structures. For one particular design, there may exist a number of solutions
which satisfy the given conditions. The purpose of the optimization method
is, instead of simply producing a feasible design, we can search amongst all
the possible designs and finally determine the optimum one. Therefore we can
define design optimization as ‘by using a mathematical technique to determine

an optimal design which satisfies the criteria set up by design engineers’.

One important class of problems in structural optimization is shape op-
timization, which concerns the selection of the geometry parameters of the
structure. These geometry parameters, which can change during design mod-
ification, are called shape design variables. Besides the design variables, there
are two terms frequently used in optimization - the objective and the con-
straints. The objective is the goal in which the design strives to achieve, for
example the minimum material, the minimum stress concentration etc. The
constraints are those criteria in which a design must meet. One example of the
constraints in shape optimization is that the stress of a structure must not ex-
ceed the allowable stress. A large number of optimization problems belong to

shape optimization, as in the mechanical design and the aerospace engineering.

The purpose of this thesis is to investigate the various aspects of shape op-
timization, including the shape design sensitivity analysis, structural analysis
using the boundary element method, and shape optimization implementation.

The outline of the thesis is as follows.

The introduction chapter gives a literature survey of shape optimization.
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The survey follows the developments of shape optimization in the structural
design for the last two decades, including the structural optimization using the
finite element method and the boundary element method, and shape design

sensitivity analysis.

Chapter 2 introduces the basic theory of optimization methods. Various
mathematical programming methods for solving optimization problems are

listed, and the difficulties related with shape optimization are discussed.

Chapter 3 contains the boundary element formulation of elastostatics. Af-
ter deriving the basic boundary integral equation, the boundary discretization

and the numerical implementation are described.

Chapter 4 investigates shape design sensitivity analysis. First, the two
main approaches for sensitivity analysis are compared, and the continuﬁrn ap-
proach is explained in detail. Secondly, the implementation of the displacement
sensitivity analysis by the continuum approach is given. A general formula-
tion for stress sensitivity using the continuum approach is derived, followed by
the discussions of the adjoint loads. Two approaches for the modelling of the
adjoint problem are presented, one uses the distributed loads to replace the
singular loads, and the another employs the singularity subtraction method to
remove the singularity from the BEM equation. A new finite difference based
approach to shape design sensitivity is derived next, which overcomes the two
drawbacks of the conventional finite difference method. A few numerical ex-

amples are presented to justify the proposed formulations.

Chapter 5 describes the shape optimization, which includes discussions of
the modelling of both the design model and the analysis model, the automatic
remeshing method, the implementation of a 2-D shape optimization program,

and finally some examples.
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1.2 Review of Shape Optimization

The mathematical theory of optimization started as earlier as 17th century.
The necessary conditions for unconstrained problems were set by Euler, and
constrained problems by Lagrange. In 1638, Galileo Galilei [1] discussed the
optimal shape of the beam, and the optimal elastic column was formulated
by Lagrange [2]. Historically there were many scholars who were dedicated
to optimization, among them were Isaac Newton (1643-1727), Jacob Bernoulli
(1655-1705), William Rowan Hamllton (1808-1865), Lagrange (1736-1813), Eu-
ler (1707-1783).

Unfortunately, the pure mathematical approach can only solve very sim-
ple idealized problems, whereas the practical problems are more complicated.
However the mathematical optimization theory provides a foundation for nu-

merical optimization, therefore it is still an important research field.

In the following, a brief review of shape optimization is given with the
author’s remarks, which includes 3 fields:

1. Shape Optimization by using the finite element method.

2. Shape optimization by using the boundary element method.

3. Shape design sensitivity analysis.

1.2.1 Shape Optimization using the Finite Element Method

Since most of the structural problems can not be solved analytically, engineers
searched alternative methods, i.e. the numerical methods. Numerical methods
employ various approximation concepts to obtain a numerical solution for the
problem. For the last three decades, the finite element method (FEM) has

become a powerful tool for structural analysis [3, 4]. As the structural analysis
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is an integrated part of shape optimization system, the progress of structural

optimization often depends on the development of the FEM.

Schmit {5] was the first person to set forth the general approach of struc-
tural optimization in 1960, which indicated the feasibility to couple the FEM
and the nonlinear mathematical programming for the optimum structural de-
sign. This were followed by the coupling of the FEM and the mathematical
programming by Kicher, Gellatly et al. [6, 7, 8. The introduction of the
mathematical programming coupled with the FEM is a milestone in solving
practical structure optimization problems, which proved to be the most suc-
cessful tool for the optimum structural design. One of the first approaches of
shape optimization was presented by Zienkiewicz and Campbell [9], in which
they used the finite elements to model the problem, and the design variables
were the boundary nodes. The numerical solution of the optimization problem
was obtained by the sequential linear programming, and the direct differen-
tial method for the design sensitivities. Since then many researches have been

carried out in the field of shape optimization problems using the FEM [10]-[17].

Schnack [18] presented a method for stress concentration using finite el-
ement formulation. Tvergaard [19] formulated a general optimal problem of
two-dimensional elastic components, the approaches were related with the min-
imum volume and minimum stresses (stress concentration). Oda [20] developed
a technique for optimum strength shape, he also presented a pattern trans-
formation method to shape optimization, which is based on the stress-ratio
method and the proportional transformation of the finite elements constitut-

ing the boundary [21].

Ramakrishnan and Francavilla [22] used the similar formulation of Zienkiewicz
and Cambell, but employed the penalty function. A function space gradient
projection method for two-dimensional elastic bodies was presented by Chun
and Haug [23], using the design sensitivity analysis method presented by Rous-
selet and Haug [24] and the gradient projection method by Haug and Arora
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The optimality criteria method was first introduced by Prager et al. [26]
for continuum structures and by Berke [27] for the discretized system. Fleury
[28] and Braibant [29] introduced the dual formulation in the optimality crite-
ria method. Kunar and Chan [35] used a fully stress criterion to minimize the
weight. Dems and Mroz [30, 31, 32] presented a quite general approach of shape
optimal design using both the optimality criteria method and the variational
calculus, and the optimality conditions were generated for both the conserva-
tive and the nonconservative load systems. The variational formulations for

shape optimization can be seen in [33, 34]

The three-dimensional shape optimization problems have been presented by
Kodiyalam and Vanderplaats {36] using the forced approximation technique. In
their approach, the approximate stresses were obtained through linearization of
nodal forces rather than by direct linearization of the stresses. The applications

of three-dimensional shape optimization can be found in [37]-[40]

1.2.2 Shape Optimization using the Boundary Element
Method

Despite the success of FEM in shape optimization, there still remains one main
drawback. The FEM is a domain method, which requires the discretization
of the whole domain. The remeshing during the iterations of the optimization
process is very expensive, especially in three-dimensional cases, which also

often causes element distortion near the design boundary.

Recently, the boundary element method (BEM) has been recognized as an
alternative numerical method for engineering problems [41, 42]. The BEM dis-
cretizes the boundary only, so the remeshing procedure becomes much more

easier than FEM. This feature, as well as the fact that BEM usually provides
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more. accurate structural responses on the boundary, makes BEM a very at-
tractive numerical method in the application of shape optimization. Fig. 1.1
shows an optimum design example of a fillet from Zhao and Adey using BEM
[43], and Yang, Choi and Haug [44] using FEM. Fig. 1.1(a) and Fig. 1.1(b) are
the meshes of BEM and FEM at the initial designs respectively. Fig. 1.1(c)
and Fig. 1.1(d) show the meshes of the final designs. It can be observed that
the number of elements required in the FEM model is much larger than the
BEM model, and the mesh of FEM has changed both inside the domain and
along the boundary during optimization, whereas the mesh of the BEM model
changes only on the boundary. In this problem only the mesh on the design

boundary of the BEM model has changed.

The use of the BEM in shape optimization started from the 1980’s. One of
the earliest paper was written by T. Futagami (1981) [45] in which he combined
the BEM with the linear programming to solve the partial differential equa-
tion. Futagami [46, 47) extended the initial linear programming to dynamic
programming, and presented a coupling method of FEM and BEM. Barone
and Caulk [48] optimized the position, the size and the surface temperature
of circular holes inside a two-dimensional heat conductor. Meric [49, 50, 51]
investigated two model problems by constructing the problems as the steady

state optimal problem governed by elliptic partial differential equations.

Mota Soares, Rodrigues, Oliveira and Haug [52] proposed a model for opti-
mal shape of solid and hollow shafts , which is based on the boundary element
method and the nonlinear programming. The material derivative and the ad-
joint load methods were used by Mota Soares and Choi [53] to model the min-
imum compliance problems and the stress constraints. The determination of
the optimum shape of two-dimensional structures was presented by Zochowski
and Mizukami [54], with the objective of minimum area and constraints of dis-

placements and geometries. Zhao and Adey [55] obtained the optimum shape
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of fillet using BEM and the linear programming, with different design variables

and design boundary modelling.

Kane [56] used the nonconforming quadratic elements to optimize the two
dimensional elastic components. The sensitivity is carried out by differentiat-
ing the system matrix analytically. Defourny [57, 58] used a similar method

of Kane to solve the potential problems.

Burczynsky and Adamczyk [59, 60] formulated the optimality conditions,
and the nonlinear system was solved by the Newton-Raphson method. They
also formulated the problems with maximum stiffness as the criterion, and
extended the bouhdary element formulation of shape optimization to dynamic
constraints. Gracia and Doblare [61] presented a formulation for the Saint-

Venant torsion problems, which include homogeneous isotropic and orthotropic

bodies

Eizadian and Trompette [62] , using BEM and the linear programming,
developed a model for shape optimal design with objective of minimum tan-
gential stresses. The geometry is defined by straight and circular elements.

Several problems were solved by using the Lagrange multipliers method.

The coupling of FEM and BEM has been employed by Kamiya and Kita
[63] which took the advantages of easier remeshing of BEM and the sparse
matrix of FEM. They also presented an adaptive method for shape optimiza-
tion [64]. The application of boundary element method with subregions has
been developed by Kamiya, Nagai and Abe [65] for multi-regions or slender
problems. Recently, Sandgren and Wu [66] employed the same idea of Nagai
et al. to solve the two and three dimensional elasticity problems. The example
of a hook by Sandgren demonstrated that the subregion approach can reduce
the computing time significantly. Chaudouet-Miranda and Yafi applied the
BEM to three-dimensional optimum design, and the modification procedure

was based on the stress reduction method by Schnack [18]. The comparisons
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on BEM and FEM in shape optimization have been studied by Zochowski and
Mizukami [54], Hou and Sheen [68].

1.2.3 Shape Design Sensitivity Analysis

Because the design sensitivity plays a key role in shape optimization, much
attention has been paid to the calculation of shape design sensitivity analy-
sis. There are two main approaches to calculate the design sensitivity in the
contents of FEM: the discretized approach (DA) and the continuum approach
(CA). The DA uses a discretized model to carry out the sensitivity analy-
sis, which includes three methods: finite difference method (FDM), analytical
method (ANM) and semi-analytical method (SAM).

The FDM is to disturb the design variables one by one, and using the finite
difference formula to approximate the derivatives. FDM has the advantage of
being simple in concept, and easier implementation, but FDM has two serious
drawbacks as indicated by [69, 70], 1) the accuracy often depends upon the

perturbation step, 2) the computation cost is usually higher.

The ANM is to differentiate the system equation directly with respect to the
design variables. Unfortunately the stiffness matrix is usually nonlinear with
the shape design variables, therefore it is difficult to obtain the derivative of the
stiffness matrix analytically. The SAM is the most used method in practical
sensitivity calculation because its generality and easier implementation. This
method differentiates the system equation first as in the ANM, then employs
the finite difference method to calculate the derivative of the stiffness matrix.
However many researches indicated that SAM could have serious accuracy

problem for beam, plate and solid problems [71]-[74].

The second approach {CA) uses the material derivative method ( vari-
ational method ) of continuum mechanics to obtain the total derivative of

structural responses. The CA derives the sensitivity formulation before dis-
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cretization, so no approximation is involved in the formulation. By defining an
adjoint problem, the sensitivity can be obtained from the solutions of both the
initial problem and the adjoint problem. This approach was first proposed by
Cea, Zolesio and Rousselet {75, 76, 77], and developed by Haug and Choi et al.
[78, 79]. The general formulation of elasticity problems was presented by Haug,
Choi and Komkov [79]. Dems and Mroz [32] presented a similar approach based
on the variational method, which included more general boundary conditions.
The same formulation of Dems was derived by R. B. Haber [80] using a mutual

form of the Hu-Washizu principle.

In addition to elastostatics problems, the continuum approach has also
been applied to thermoelasticity problems by Dems [81], dynamic problems by
Haug [82], and the nonlinear response problems by Arora and Wu [83].

The main difficulty of using the continuum approach is how to evaluate
the solution of the adjoint problem, since the adjoint loads are singular loads
(i-e. concentrated point loads). Even though some local averaging method has
been used to smooth the singularity [84], the accuracy is remaining an open

question, especially for stress sensitivity.

As in the FEM case, there exist the same two classes of approach for shape
design sensitivity by using the BEM: the discretized approach (DA) and the

continuum approach (CA).

The finite difference scheme has been used by V. U. Nguyen and R. Arenicz
[85] to obtain the design sensitivity in underground excavation problem. Wu
[86] solved several two and three-dimensional optimum design problems by

using finite difference method for sensitivity calculation.

A new finite difference based approach to shape design sensitivity calcula-
tion was presented by Zhao and Adey [87], which overcomes the two drawbacks

of the finite difference method. The new approach has the advantage of finite
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difference method, i.e. simple in concept and easier implementation, and can

be used with either the BEM or the FEM

Kane [88] presented a formulation of direct differentiation for design sensi-
tivity analysis, in which the system matrix was differentiated analytically after
the boundary discretization. Recently Sa%gal, Aithal and Kane [89] developed
a semi-analytical sensitivity formulation, with forward-difference approxima-
tion. Barone and Yang [90] formulated the design sensitivity by differentiating
the boundary integral equation before discretization, and a rigid body inte-
gral identity was used to remove the singularity in the displacement sensitivity
equation. The same concept of Barone and Yang was used by Zhang and
Mukherjee [91] using a new boundary integral method [92], in which the basic
unknowns were the tractions and the derivatives of the tangential displace-

ments.

The continuum approach has been used by Mota Soares et al. [93] by intro-
ducing an adjoint system for two-dimensional solid and hollow shafts. Kwak
and Choi [94, 95] have developed a general method for shape design sensitivity
analysis of elliptical equations using a direct boundary integral formulation.
The material derivative method was used to obtain an explicit expression for
the variation of the structural response, and the formulations were applied to
potential and elastostatics problems. An improved formulation of Kwak and
Choi [95] was developed by Zhao and Adey [96], in which a singularity subtrac-
tion technique was employed to model the adjoint problem. Meric used the

material derivative method for design sensitivity of thermoelastic solids [97].

A large amount literature on shape design sensitivity analysis and shape
optimization has emerged over the last two decades. The most important
conferences dedicated to structural optimization are given in [98]-[104], which
provide the state of structural optimization, and can be used for further refer-

ences.
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Fig. 1.1(a) The Boundary Element Model
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Fig. 1.1(c) The Mesh at the Final Design of the BEM Model
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Chapter 2

Basic Numerical Optimization

Techniques

2.1 Introduction

The aim of this chapter is to provide the basic concepts and terminology in
shape optimization by the mathematical programming method, which will be
used throughout the thesis. Various algorithms of the‘mathematical program-
ming methods are presented to give a general view of the numerical methods
available today. The information presented here is mainly from References

[1]-[5], in which more details can be found.

2.2 Basic Concepts and Terminology

In general, a shape optimization problem can be formed as a minimization
problem under certain constraints, which can be stated mathematically as

follows:

Minimize: f(X) (2.1)
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Subject to:
6(X) <0 i=LM (22)
h(X)=0 k=1,L (2.3)
o<z < t=1,N (2.4)

X are the design variables, X = [z1, Z3, ..., zn]7 . f(X) is called the objective
function, which depends on the design variables X. The objective function must
be a scalar function, and its numerical value can be obtained once the design

variables are fixed.

The weight of the structure is the most typical objective function in shape

optimization, which can be expressed as

5X) = [ pag (2.5)

where p is the density of the material, and the ) is the domain occupied by

the material.
In addition to the weight, the objective function can also be:
a) The maximum stress over part of the structural €, i.e.
£(X) = Maz o(¢) (2.6)

where o is the stress, and ¢ € Q.. The stress ¢ can be chosen as principle
stress, Von Mises stress, etc. Such objective function is usually used for stress

concentration problems.
b) Average stress over part of the structural (2.,
o—0
X)= [ (F="2yd0 2.7
1) = [ (7 (2.7)

where ¢ is the maximum stress, and o, is the average stress. This objective

cangbe used toformulatesasfullysstressed structure design.
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The design variables X are those parameters, which are used to describe a
design and can be changed freely. In shape optimization problems, X are the
parameters which define the boundary shape. The choice of design variables
for shape optimization problems and the design boundary representations will

be discussed in Chapter 5.

All the restrictions on a design are called constraints. Equations (2.2)
and (2.3) are inequality and equality constraints respectively, which must be
satisfied for the final design. The number of equality constraints cannot exceed
the number of design variables, and the number of inequality constraints can

be arbitrary large.
The most common constraints in shape optimization problems are:

a) Stress constraints, for example the Von Mises stress over a structure should
be less than the allowable stress

b) Displacement constraints, i.e. the displacement should not exceed the pre-
scribed value.

c) Stiffness or compliance constraints

d) Stability constraints (buckling)

e) Vibration constraints (frequency)

Equation (2.4) is side constraints that are used to limit the region of
search for the optimum, where z* and z! are upper and lower bounds of design
variables respectively. The introduction of side constraints are necessary for
two reasons: 1) to prevent unreasonable or meaningless designs; for example,
the thicknesses of a structure should always be positive 2) considerations of the
manufacturing process; for example, the cross sections of a reinforced concrete
beam cannot be too thin in order to stop steel corrosion (i.e. minimum cover

requirements).

A design is defined as a feasible design if all constraints are satisfied. An

infeasible design implies that one or more constraints are violated. By optimum
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design, we mean a design which achieves a minimum objective, at the same
time satisfies all the constraints. If an objective function has the smallest value
in the whole feasible design region, it will be called global minimum. If the
objective has the smallest value only in part of the feasible region, we call it

local minimum.

A constrained optimization problem is named as convex only if both the
objective function and all the constraints are convex. A convex constrained
problem has a single global minimum, and a non-convex problem may have
several local minimum. Convexity can rarely be proved. Most structural
optimization problems are non-convex, therefore the numerical optimization

method will often lead to a local minimum.

The theoretical necessary conditions at the optimum are referred to as
the Kuhn-Tucker conditions [6], which are derived from the fact that the La-
grangian function is stationary at the optimum. The Lagrangian function is

defined as:

M M+L
L(X,2) = f(X) + 2 Xgi(X) + 32 Mehe(X) (2.8)
=1 k=M+1

where f(X), g;(X) and hi(X) are the objective and the constraints respectively
as defined in (2.1) - (2.3), A; and A; are the Lagrangian multipliers.

The following three conditions (Kuhn-Tucker conditions) are the necessary

conditions for optimality:
1) X is feasible.
2) Xgi(X)=0 X =20 i=LM

3) VF(X) + T AiVai(X) + TR E i MVA(X) = 0

These necessary conditions are also sufficient if the design space is convex.
The Kuhn-Tucker conditions can be used to check the possible optimality of a

design.



30

2.3 Mathematical Programming Methods

There are two main approaches for solving structural optimization problems,
the optimality criteria (OC) method and the mathematical programming (MP)
method. The OC method derives the state conditions at the optimum based
on the extreme principles, and then to updated the current design toward these
state conditions. On the other hand, the MP method starts with the current
design, and uses the information from the current design to find how to reduce

the objective function and to satisfy the constraints.

The MP method is more general than the OC method, especially for shape
optimization in which the optimality conditions are difficult to formulate.
Therefore the MP method is employed in the current research, and various

MP methods will be discussed in the following.

For a general shape optimization problem, both the objective function and
the constraints are nonlinear functions of the design variables. It is nearly
impossible to solve the set of nonlinear equations (2.1)-(2.4) analytically, so
numerical methods must be used instead to obtain the optimum design, or in
many cases, a local optimum design. The numerical optimization methods (MP
methods) usually start with an initial design X, then update the improved

design using following iteration process:
XP = X?1 4 aSP

where p is the iteration number, « is a scalar parameter which specifies the
movement of the design variables, and vector S is the search directions. The
above optimization process will continue until no significant change in the
objective function ( or no significant change in the design variables ), and all

the constraints are satisfied.

Various MP methods have been developed to solve the minimization prob-

lem of equations (2.1)-(2.4) with iterative procedure. In the following, some
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well established methods are described with some remarks. The optimization

problem can be written in matrix form as

Minimize: f(X) (2.9)
Subject to:

G(X)<o (2-10)

XE<X <XV (2.11)

where X = [z; .....2,]7, G = [g1, 92, .-, gm]%, X and XY are the lower and
upper limits of the design variables. Note in the above form we omit the

equality equations in order to simplify the discussions.
1) Sequential Linear Programming Method

The most simple and popular approach to solve optimization problem (2.9)
- (2.11) is to approximate the objective and the constraints by linear approxi-
mation based on the Taylor expansion about Xg, which is called the sequential
linear programming (SLP) method. By using the SLP method, the optimiza-
tion problem (2.9) - (2.11) becomes:

Minimize: f(Xo) + Vf(Xo)T6X (2.12)
Subject to:

G(Xo) + VG(X) 6X <0 i=1LM  (213)

XL < 86X < 6XY i=1,N  (2.14)

where 6X are the changes of the design variables, i.e.
6X =[x — 2%, .o zn — 2]

V f and VG are the gradients of the objective and constraints with respect to

the design variables respectively, i.e.

g1 Sq1

Bay 'Y B
VG(X,) =

dgm 9gm

o1y Oz, X=X,
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Vi) = L., 2

z,’ 7 Oz,

6X% and 6XY are the moving limits of the design variables. This linear prob-
lem can then be solved easily using the Simplex method or other standard

optimization algorithms which are readily available.

Since the nonlinear functions f(X) and G(X) are approximated by linear
functions, the moving limits of the design variables must be imposed to prevent
invalidation of the linear approximation. Otherwise the problem may have

unbounded or oscillation solutions.

The choice of the moving limits depends upon the experiences and the
problems, and a trial and error process is required to find the best one suited
to the problem. Generally speaking, the moving limits should decrease as the
design approaches the optimum because the linear approximation needs to be
more accurate when closing the optimum. The requirement for the adjustable

moving limits is considered to be the main drawback of the SLP method.

The design is converged if the following conditions are met:
gi(X) < & i=L,M (2.15)
bz; < & i=1,N (2.16)
where §; is the specified tolerance for the constraint violation, and the &, is
a specified small number. These two conditions imply that the iteration can
be stopped when all the constraints are satisfied and there is nearly no design

change any longer. Sometimes the equation (2.16) can be replaced by the

convergence of the objective function, i.e.
65(X) < 6 (217)
where §f presents the change of the objective function, and é3 is a prescribed

value.

Even though the SLP method is considered to be a poor optimization

algorithm, the experience of many researchers has showed that it is often a
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powerful and efficient method [8, 9]. In this thesis, the SLP method is employed
to solve shape optimization problems in Chapter 5.

2) Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) method is a powerful method for
a wide range of optimization problems. SQP creates a quadratic approximation

of objective function, and a linear approximation for constraints. The standard

form of SQP is:
Minimize: FX) = f(Xo) + VF(Xo)T6X +1/26XT H6X (2.18)
Subject to :
G(Xo) + VG(X)6X <0 (2.19)

where H is the Hessian matrix of the objective function.

SQP is usually considered to be a better method than SLP from computa-
tional accuracy and robustness viewpoints. Various modifications of the SQP

can be found in [10, 11, 12].
3) Penalty Function Method

A constrained optimization problem can be transformed into an equiva-
lent unconstrained optimization problem by introducing an external penalty

function. The new function to be minimized is:
Minimize ¢(X,r,) = f(X) +r, Y Maz[g(X), 0}? (2.20)
)

where r, is called the penalty parameter. The function ¢ is minimized keep-
ing r, constant, then r, will increase each iteration. There are other forms
of penalty function, such as the interior penalty function, the extended inte-
rior penalty function, the augmented lagrangian multiplier method, etc., more

details of which can be found in [13]
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4) Method of Feasible Direction

The method of feasible direction starts with a feasible design, moving to
an improved feasible design by choosing a feasible direction S, and a small
step size a. The step size a is determined to reduce the objective function as
much as possible, at the same time keeping the design feasible. If the design is
inside the feasible region (no active constraints), the unconstrained techniques
are used to generate the direction S. In the case of the design at the boundary
of the feasible region, the direction S can be obtained by solving the following

sub-problem [1, 14]:

Maximize: B (2.21)
Subject to:

VX)'S+8<0 (2.22)

VgFS+6;8<0 jed (2.23)

STs <1 (2.24)

where J is a potential constraint set, and 6; is called the push-off factor. §;
presents the angle between the moving direction and the tangential direction

of the jth constraint. Equation (2.24) is used to bound the solution S.
5) Sequential Convex Linearization Method

This method first linearizes the objective and constraints as in SLP, then
reciprocal variables are used to create a conservative convex approximation.
Various approaches based on convex approximation have been developed, and
proved to be very efficient for a wide range of optimization problems. The

theory and applications of convex approximation method can be found in [15]
Concluding Remarks

The efficiency of the above numerical optimization problem depends on the

type of problem to be solved. For one particular problem, one method may
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provide a faster convergence than the others, whereas in other cases it may fail

to converge. Generally speaking, the choice of numerical optimization methods

mainly depends on the following considerations:

1. The number of design variables

2. The properties of the objective function and the constraints, i.e. the

smoothness and the order of nonlinearity.

3. The highest level of derivatives of objective function and constraints

available, with reasonable accuracy and cost.

4. Robustness, efficiency, accuracy and reliability of the algorithm.

As the optimum design problems become bigger, the cost of using numerical
methods increases rapidly. Which method best suits general shape optimiza-
tion problems is still an open question. Since engineering problems involves
more and more complex analysis, the cost of optimum design will be huge. A
lot of research is still needed to improve the reliability and the efficiency of the

numerical algorithms.
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Chapter 3

The Boundary Element
Method in Elastostatics

3.1 Introduction

This chapter introduces the basic theory and numerical aspects of the bound-
ary element method in elastostatics which will be used later on as a numerical
analysis tool for shape optimization. After a historical review of the bound-
ary element method in elastostatics, the boundary element formulation for
elasticity is presented, followed by the numerical implementation. Final con-
cluding remarks discuss the advantages and drawbacks of the boundary ele-
ment method over the finite element method in the field of structural analysis,

especially in the application of shape optimum design.
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3.2 Review of the Boundary Element Method

in Elastostatics

With the rapid developments of digital computers, many numerical techniques
have been created to solve practical engineering problems. For the last two
decades, one dominant numerical method is the finite element method (FEM).
By discretizing the domain into small elements, and employing interpolation
functions to approximate the distributions of the state variables (like displace-
ments and stresses etc.), FEM can provide the solutions for a wide range of

problems.

Recently the boundary element method (BEM) has been recognized as an
attractive alternative numerical method to FEM in engineering applications.
Like FEM, BEM can solve various engineering problems, such as elastostatics,
heat transfer, fluid, fracture mechanics and plasticity etc. The superior feature
of BEM over FEM is that it only needs to discretize the boundary, which often

leads to fewer elements and easier to use.

Historically, the BEM has been developed using two diflerent approaches:

the direct formulation and the indirect formulation.

Even though the theoretical considerations of the direct integral equation
had been discussed by Kupradze [1], the direct formulation in terms of en-
gineering applications was first introduced by Rizzo in 1967 [2], which was
derived from Somigliana’s identity. In this formulation, the unknowns are
tractions and displacements on the boundaries, and the stresses and displace-
ments inside the domain can be obtained from the numerical integration of the
boundary tractions and boundary displacements. The pioneer works have been
done by Jaswon, Maiti and Symm [3] using Airy stress function for plane elas-
tostatics, Cruse [4] for three-dimensional elastostatics, Cruse and Rizzo [5] for

elasto-dynamic problemsyandsliachat [6] by introducing high order elements.
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The indirect method introduces fictitious unknowns in the system equa-
tion, which have no direct physical meaning. Once those fictitious unknowns
have been computed, the real displacements and stresses can be obtained by
boundary integration of the fictitious unknowns. The pioneer works of indi-
rect method were due to Kupradze [1], Massonnet and Oliveira [7, 8]. Recent

developments of indirect formulation can be seen in [9]-[11].

It should be mentioned that although the above two boundary element
formulations are based on the same principle, i.e. representing the basic system
equation by boundary variables, the solution procedures are quite different.
The direct boundary element formulation has the advantage of being simple
in concept, and easier for implementation, so it is the most widely used form

in various applications.

In the last decade, the numerical aspects and applications of BEM have
been extensively studied. In the following, four important fields of BEM in
elastostatics (or other related fields) are briefly discussed, with some key ref-

erences.
a) New formulations and fundamental solutions

In addition to the two basic formulations (direct and indirect formulations),
many others have been proposed for special purpose applications. Quinlan
et al. [12, 13] presented a BEM-like edge-function method, in which special
functions were chosen to match each edge of the boundary, and the final overall
solutions were obtained as a superposition from each segment. Recently a new
boundary element formulation has been developed for elasticity problems by
Ghost et al. [14, 15]. The basic state variables in this new formulation were the
tractions and the gradients of the tangential displacements on the boundary.
This formulation has the advantage of providing high accurate stresses near or

on the boundary.

Another new form of boundary element formulation is the complex variable
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boundary element method, which has demonstrated its high accuracy and
efficiency in many applications [16, 17]. However this approach is limited to

two-dimensional problems only.

The most widely used fundamental solutions in elastostatics are the Kelvin
solutions. Other fundamental solutions have been used for some particular
applications, which often lead to more accuracy and efliciency. For example,
the semi-plane solutions (Mindlin’s fundamental solutions) proposed by Telles
and Brebbia [18] have been successfully used in the field of geomechanics, and
the special fundamental solutions introduced by Snyder and Cruse [19] have

been used for crack problems.
b) Numerical integration

Since boundary element equations are integral equations involving singular
integrands (i.e. the fundamental solution becomes singular when the source
point coincides with the integration point), the proper treatment of the singular

integration has become essential in terms of numerical accuracy and efficiency.

As analytical solutions for those singular integrations are not available for
general problems, various numerical methods have been proposed to deal with
the singularity. Subdivision is the simplest technique, in which the elements
near the source point are divided into small integration regions to cope with
the large variations {20, 21]. Another powerful method is to transform the
integral variables such that the behaviour of the singularity becomes weaker,
or in some cases be eliminated completely. The details on the transformation

methods can be found in [22, 23]
¢) The domain integral transformation

Some domain integrals may appear in the boundary element formulation
representing body forces, nonlinear effects etc. There is no difficulty in dis-

cretizing the domain into cells as in FEM, but it weakens the advantage of
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BEM over FEM. Various approaches have been proposed to transform domain
integrals into equivalent boundary integrals [24]-[26], so that the final bound-

ary element equation involves only the boundary integral.
d) Coupling of BEM and FEM

For some engineering applications, coupling BEM and FEM can often pro-
duce better accuracy and efficiency. For example, BEM can be used to model
infinite domains, or stress concentrations, whereas FEM can be used to model
nonlinear material regions. The general approaches of such combination have

been widely investigated [27]-[30] including many practical applications.

The development of BEM has led to a large quantity of publications in
both academic researches and industrial applications. The boundary element
reference book edited by Mackerle and Brebbia [31] covered the most important
boundary element publications, as well as the software available. The basic
theory and applications of BEM can be seen in the books by Brebbia [32],
Banerjee and Butterfield [33], Crouch and Starfield [34], Brebbia, Telles and
Wrobel [35], Brebbia and Dominguez [36], and Hartmann [37]. The recent
advances on BEM can be referred to the conferences which were dedicated to

the boundary element method [38]-[53].

3.3 The Boundary Element Method in Elas-

tostatics

3.3.1 Basic Equations of Linear Elasticity

The equilibrium equations of a linear elastic body are [54]:

3
ZO’,'J"J' + b,' =0 (31)

i=1
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where ¢ = 1,2,3, o0;; are the components of the stress tensor and b; are the

components of the body force.
The tractions on the boundary are given by
ti = Oijn; (32)

where n; are the direction cosines of unit outward normal with respect to the

axls Tj.

The stress tensor has the property of symmetry, so only six of the nine
components are independent. The relations between strains and displacements

can be expressed by:
1, 0u;  Ouj
T 29z, * aZEi) (38)

where i =1,2,3, and j = 1,2,3. ¢;; and u; are strain tensor and displacement

€ij

tensor respectively.
The stress - strain relations can be expressed as:
gi; = 2/16,‘1' + /\Ekk5ij (34)

where €yt is the volumetric strain, i.e. €gx = €11 + €22 + €33, 4 and ) are the

Lame’s constants.

é is the Kronecher delta, and is defined as:

1 ifi=j
0 ifs 4 j

5,'1' =

The Lame’s constants g and A can be related to Young’s modulus E, Pois-

son’s ratio v and Shear modulus G, i.e.

E 5= vE

H=G=301y 1+ 0)(1—20)
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3.3.2 The Boundary Integral Formulation of Elasticity

The boundary integral formulation of elasticity can be derived by either weighted
residual method, or reciprocal work theorem as shown by Brebbia [32] and
Rizzo [2] respectively. In the following, the weighted residual method is used

for the derivation of the basic formulation of BEM in elastostatics.

Consider an elastic body with domain }, and bounded by 7, and 7, as

shown in Fig. 3.1. Recall the basic equilibrium equation:

3
Zakj'j +b,=0 (35)

i=1
under the boundary conditions:

U = Uk on np

Pe = Bx on 7 (3:6)

Assume a weight function u*, and let the weighted residual equals zero, we
get
/S;(Ukj'j + bk)uZdT =0 (37)

If we integrate the first term of equation (3.7) by parts twice, then:

[ (@ + bty = — [ przdr + [ prusds (3.8)

The weighting function can be any solution which satisfy the equilibrium
equation. The most common weighting function used in BEM is the fundamen-
tal solution corresponding to a unit force vector acting in the infinite domain.

The fundamental solutions satisfy the equation

3
Dot he=0 (3.9)

i=1

Substituting (3.9) into (3.8) and applying the property of the Dirac Delta

function, finally we get the general integral equation:

i+ / prdr = / ulprdr + fﬂ g brdQ (3.10)



45

where u} —displacement at an internal point.

p* , v*~fundamental solutions

b-body force

The fundamental solutions for plane strain linear isotropic material are:

S S or or
uy = 857G =) [(8 —4v)In(1/7)bu + B2, 3$k] (3.11)
. 1 or or Or
P = TG —vyrion (T2 20 0,
or or
-(1- 2")(6_{,"" ~ 5«’;1:7“)] (3.12)

The fundamental solutions for plane stress can be obtained by the following

substitution of Poisson’s ratio and Young’s modulus

v

14
EHE(I—(I_+V_)2), VHl—l—l/

and the fundamental solutions for 3-D elasticity can be found in any standard

boundary element text book (such as by Brebbia et al.[35]).

If the point is on the boundary, the equation (3.10) is modified by taking

a limiting process, and the final expression is

chui +/p}‘kukd7' = fu?kpkdr + /Qu;‘kbkdﬂ (3.13)

The parameter ¢, equals to & + dj, where &y is an identity matrix, and
djx comes from the procedure of taking the source point of equation (3.10) into
the boundary. For a smooth boundary, diy, = —1/26;z. When the boundary is
not smooth, such as corners, the dj; can be calculated by the following formula

[36]:

-1 4(1 — v)(x + 65 — 6;) + sin 20, — sin 26, cos 26, — cos 26,

dip = o———
87(1 = ¥) | cos 20, — cos 201, 4(1 — v)(x + 02 — 8;) + sin 20, — sin 26,

where the definition of #; and 6, are shown in Fig. 3.2.
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3.3.3 Numerical Implementation of the Boundary El-

ement Method

Consider a two dimensional elastic body with K nodes on the boundary, then
we can have 2K equations by placing the point ¢ on each boundary node in two
directions. Since each node has four degree of freedom, i.e. two tractions and
two displacements, there are totally 4K state variables on the boundary. By‘
specifying two of the state variavles (either traction or displacement) at each
node, the remaining 2K unknown state variables can be computed by solving

the 2K integral equations.

The 2K integral equations usually can not be solved analytically, instead
a numerical method (i.e. BEM) must be used. The numerical implementation

of the BEM in 2-D elasticity is presented as follows,
Step 1 Boundary Discretization

The boundary 7 is divided into N elements. Within each element, the
traction p and displacement u are assumed to vary according to certain in-
terpolation functions. By introducing interpolation functions, u and p at any
point of the element can be expressed by the interpolation functions and the

nodal values, i.e.
M
u(€) = 3" 6(E)us

M
PE) = () (3.14)

where ¢ is the local coordinate, M is the number of nodal points on one el-
ement, and ¢ are the interpolation functions. wu; and p; are nodal values of

displacements and tractions respectively.

The most common interpolation functions in BEM are polynomial functions
of order 0,1,and 2. The zero order polynomial function generates the constant

element, i.e. both traction and displacement are constant over each element.
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The zero order interpolation function can be expressed as

#(1) =1 (3.15)

Since very rare problems have piecewise uniform displacements and trac-

tions, the constant elements are not recommended.

The first order polynomal function generates linear elements, i.e.

¢(1) =(1-¢)/2
¢(2) = (1+£)/2 (3.16)

The second order polynomial functions are the most widely used interpola-
tion functions in BEM, which are called quadratic functions, and the elements
with quadratic interpolation functions are defined as quadratic elements. The

quadratic interpolation functions can be written as:

$(1) = £(£-1)/2
#(2) = 1-€
$(3) = &(E+1)/2 (3.17)

Figure 3.3 shows the variations of the three different elements under the local

coordinate.

The linear and quadratic elements discussed above are called continuous
elements, because their external nodes are shared by adjacent elements. An-
other type of elements often used are the discontinuous elements, in which
the external nodes are not shared by adjacent elements. The advantages of
using discontinuous elements are: 1) the discontinuous elements can be used
where there is a sudden change of geometry or boundary condition, whereas
in the case of continuous elements, special treatments are needed (like double
nodes for corners). 2) the solutions at the common node from the two adjacent

discontinuous elements are usually different. This difference can be used as a
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simple check to see whether the mesh is fine enough. The main drawback of

the discontinuous elements is that it introduces more variables and unknowns.

Fig. 3.4 shows the different discontinuous quadratic elements.

The following matrices are introduced in order to simplify the notations.

The ¢’ and the displacements at the node i

i

i €11 Ci2 i Uy
c = u = ]
1

Ca1 C22 Uy

The fundamental solutions:

* * £ 3 s
- U1 Upe n P11 P12
u = p =
* * £l £l
Ugy Ugz P21 P22

The vectors of displacements and tractions:

$ =

s1) 0 42 0 ¢3) 0}
0 1) 0 42 0 $(3)

Then equation (3.13) becomes:
ciui+/p*udr = /u"pdr +/ u*bdQ
T T Q
Taking (3.14) into (3.22), therefore

N N . M
c'u’ + Z{/ p*®dr}U’ = Z{/ u*®dr}P’ + Z/Q u"bd()
T T s i

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3:23)



49

where U’ denotes the nodal displacement vector, i.e. U? = [uf, u}, u3, uy, uf, ul],

and P7 is the nodal traction vector, P = [p%, p¥, pZ, p3, p%, ).

Note that the integration of the body force term is carried out by dividing
the domain into M small cells, in which the distribution of the body force can
be approximated over each cells. In some cases, the domain integral of the

body force term can be transformed to the boundary integrals as shown in

[24]-[26].

The above formula presents the relations between discretized displacements

and tractions when source point is at a boundary node :.
Step 2 Assembling Global Matrices

For each source point, we have two equations as shown in (3.23). Consider
total K nodes on the boundary, by placing source point onto each node, there
will be 2 x K equations. After transforming the local coordinates into global
coordinates, all the 2 x K equations can be assembled into the following matrix
form:

HZKX?KUZKXI = G2Kx2KP2Kx1 (3'24)

Where U and P are boundary displacement and traction vectors
H and G are influence matrices which are the integral of the fundainental

solutions and interpolation functions over the boundary elements.
Step 3 Applying Boundary Conditions

At each node, there are four variables, i.e. two displacements and two
tractions. After specifying the two known boundary conditions, there will be
2 x K unknowns which equals to the number of equations. By rearranging
matrices H and G so that all unknowns are on the left hand side, therefore

the final system equation can be written in the form:

AX=F (3.25)
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Step 4 Boundary and Domain Solutions
After solving the system equation (3.25), all boundary displacements and

tractions are known. The stresses on the boundary can be easily computed

under local coordinates (Fig. 3.5), for plane-strain:

Jg12 = Pt

02 = Pu - (3.26)
1

o = 7T V(V022 + 2pen1)

where p, and p, are components of boundary tractions along tangential and
normal direction respectively. £;; is the gradient of the tangential displace-

ment, i.e. £1; = Ju,/ds.

The internal displacements can be obtained by (3.10), i.e.

) N . N ) M
w =34 / wdr}P = Y { [ pr@driUi 43 /Q wbdd  (3.27)
J I i v § Ui

The internal stresses can be calculated by differentiating the displacement

expression (3.27) and using the stress-strain relations [35], i.e.
O'ij = /(Dkijpk — Sk,'juk)dT +‘/0Dk,'jbkdﬂ (328)

where p, and u; are boundary traction and displacement respectively.

For 2-D problem,

1

Diis = 4r(l —v)r

{(1 - 21/)[6“1‘,]' + 6kj7',i — 6,']'1’"1:] + 27“,-7'7]'1',];} (329)
and

or
Skij = 57:(_1—5—11)?{257:[(1 — 2V)5ij7',k + u(éikr,j + 6jk7',i — 47",‘7‘,]'7‘,k]
+ 2u(nir g+ 0T T )

+ (1 —2v)(2ngr r; + njbip + nibjx — (1 — 4v)ngby;} (3.30)

where y and v are shear modulus and Poisson’s ratio respectively, and the

commas denote the derivatives.
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The above 4 steps cover the basic numerical implementation of BEM. Fig.

3.6 shows a flow chart for a typical BEM analysis program.

3.4 Concluding Remarks

In engineering applications, both FEM and BEM have established their-own
strength and merits as numerical methods, on the other hand, both of them
still possess some drawbacks. In the following, a comparision between FEM
and BEM is presented, with special references for the application of shape

optimization.

1) Theoretically, both FEM and BEM are based on the same kind weighted
residual methods [55]. The approximation procedure of both methods are
nearly the same, i.e. by introducing interpolation functions over each element
to approximate the distribution of state variables. The main difference is the

choice of the weighting functions.

2) As a domain method, FEM needs discretization of the whole domain,
which usually leads to large number of unknowns (therefore a larger system
equation). BEM needs only the discretization of the boundary, so the un-
knowns are far less than by FEM. This feature of BEM enables the user to
use less input data, provides an easier modelling, and easier presentation for
CAD. This advantage of BEM over FEM has significant importance for shape
optimization, because the design variables are boundary geometry parameters
which can be implemented into boundary element modelling with little cost,
and also easier for remeshing during design process. On the other hand, the

remeshing for FEM is very expensive, especially for three-dimensional cases.

3) The solutions by BEM, like boundary stresses, are more accurate than
by FEM, especially near the place of stress concentration. This feature is

Very important for shape optimization in which the stresses are often used
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to measure the performance of a structure, and for shape design sensitivity

calculation.

4) BEM is more efficient for infinite domain problems, and FEM is more
efficient for nonlinear, anisotropic materials. Generally speaking, FEM covers
more engineering applications than BEM at present, but this might change

with the development of BEM.

5) The final system equation of both FEM and BEM has the same form,
i.e. AX = B. The left hand side matrix A in FEM is symmetric and sparse,
whereas A in BEM is a fully populated nonsymmetric matrix, therefore the
computation cost for solving a system of the same number unknowns in FEM
is far less than in BEM. This is the one main motivation for the combination

of FEM and BEM in some applications.
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Chapter 4

Shape Design Sensitivity
Analysis using the Boundary
Element Method

4.1 Introduction

The mathematical programming (MP) methods for shape optimization are it-
erative methods, ip which the designs are modified successively until all the
criteria are satisfied. A key issue during the design modification is to predict
how the response of the structure changes due to the shape change of the struc-
ture. This information is called shape design sensitivity, which is defined as
the rates of change of structural responses with respect to the design variables.
It is essential to provide accurate design sensitivity information in order to use

those MP methods discussed in Chapter 2.

The order of the sensitivity equals to the order of the derivative of the
structural response. For example the first order design sensitivity of a struc-

turalirespoise fiwithrespectitoithie design variable b is defined as df /db, and

the second order design sensitivity as d*f/db?
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The use of second order design sensitivity can often result in faster conver-
gence, but most of the numerical algorithms described in chapter 2 need first
order sensitivities only. This is mainly because it is far easier to compute the
first order design sensitivity than the second order sensitivity. This thesis only
concerns the first order shape design sensitivity, which will be simply called

design sensitivity throughout the thesis except those places specially indicated.

The evaluation of the design sensitivity has become an important research
topic for the last two decades since the success of MP methods for solving shape
optimization problems often depends upon the way to calculate the design

sensitivity, i.e. which method, how accurate and how easier (efficiency).

The main task of this chapter is to investigate different numerical ap-
proaches to design sensitivity calculation, and to develop more efficient and
accurate approaches for 2-D elasticity. First the two basic approaches for
design sensitivity, namely the continuum approach (CA) and the discretized
approach (DA), are presented and compared. The CA is then used to derive
the stress sensitivity formulation based on BEM. The main difficulty of the CA
method, the appearance of the singular adjoint loads of the adjoint problem,
is discussed. The term singular loads imply that the loads are concentrated

forces, i.e. point forces.

Two approaches are developed to model the adjoint problem, one uses
the distributed loads to replace the singular loads, and the other one employs
the singularity subtraction method to remove the singular loads from the BEM
equation. Both methods are proved to be more accurate than using the singular

loads directly.

The total finite difference method has two drawbacks; 1) the computa-
tion cost is usually higher, 2) the accuracy of the approach often depends on

the choice of the perturbation step. A new finite difference based method
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is developed, which has the advantage of being simple in concept and eas-
ier implementation, and overcomes the two drawbacks of the finite difference

method.

A few test examples are used to demonstrate the accuracy of the proposed
formulations, and the comparisons are made with different meshes to study

the influence of the mesh refinements on the accuracy of design sensitivity.

4.2 Two Basic Approaches for Design Sensi-
tivity Analysis

4.2.1 The Discretized Approach (DA)

The various numerical methods for design sensitivity analysis can be cata-
logued into two classes, the discretized approach (DA) and the continuum
approach (CA). In the following, the basic formulations and the numerical

characteristics of these two methods are presented.

The discretized approach starts with the discretized system equation. For
example if BEM is used for analysis, the final system equation can be written
in matrix form

AX=BY +P (4.1)

where A and B are influence matrices, X is a vector containing the unknown
boundary displacements and tractions, Y is the vector of prescribed boundary

displacements and tractions, and P is the vector of the prescribed body force.

Differentiating equation {4.1) with respect to a design variable b;, we have

X OB J0A aY oP
b a6 Y T Ba T

A (4.2)

The above formula provides the traction and displacement sensitivities on
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the boundary. The stress sensitivities can be obtained by further differentiating
the displacement sensitivity, and employing the stress-strain relationship as

shown in [1].

It is noted that equation (4.2) has the same left hand matrix as the initial
system equation (4.1), so a simple forward and back substitutions can be
used for solving the equation. In order to solve equation (4.2), we must
evaluate each term in right hand side of the equation. The main computation
cost for this evaluation is from the first two terms because they involve the
differentiation of matrices, whereas the last two terms need the differentiation

of the vectors only. In practical problems the last two terms are often zero.

The first two terms in the right hand side present the differentiation of
influence matrices, which will involve the differentiation of fundamental so-
lutions. This evaluation can be performed either analytically, or numerically.
The analytical differentiation will produce new kernels, which needs significant
program development for those new functions as discussed by Kane [2]. The
finite difference method is the most popular one, in which the design boundary
is disturbed by a small quantity §, and the derivatives of matrices A and B

are calculated by finite difference formula.

Another discretized method is the total finite difference method, in which
the sensitivity is obtained by direct application of the finite difference formula
on the solutions of the initial structure and the disturbed structure. Assuming

the initial problem has the form:
A (bo)X(bo) = C(bo) (4.3)

where by denotes the design variable at the initial design, which will define the

initial boundary geometry, and X are the solutions of the initial problem.
By disturbing the initial geometry by b, we have

Albo + 8b)X(bo + 5b) = C(bo + 6b) (4.4)
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Solving equations of (4.3) and (4.4), and employing the finite difference
formula, we can obtain the sensitivity as:

dX _ X(bo + 8b) — X(bo)
db = 8b

(4.5)

4.2.2 The Continuum Approach (CA)

Unlike the discretized approach, the continuum approach evaluates the design
sensitivity before numerical discretization, so the formulation is exact. The

basic concepts and formulations are presented as following, more details can

be found in [3, §)].
Material derivative

Consider a domain 2 bounded by 7. Defining a transformation field T(X, ),
so that the point X pass to the point X*. i.e. P —» P*: X* = X + 6X. The

material derivative of a smooth solution u of an elastic equation is defined as:

Total material derivative = % = % + z,: %V] (4.6)
or alternatively (4.6) can be written as:
a=u +(Vu)l -V (4.7)

where % denotes the (total) material derivative of u, u’ is the partial derivative
of u, which presents the change of u with fixed coordinates. Vu is the gradient
of u in the space, Vu = [0u/dz, , Ou/dz,)T, V = [V}, Vo]T, Vi and V; are

components of the velocity field in z, and z, directions respectively.

The material derivative operator

D 3
=5t VV (4.8)

can be applied to a scalar, a vector, or a tensor function of z and t [6]. In this

thesis, the notation of equation (4.7) will be used.
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The material derivatives of two basic integrals are given below, the detailed

derivations can be found in [3].

Consider a domain functional ¢; over {2, i.e.

¢ = [ f(z)d0 (4.9)

The material derivative of ¢; is:
b= [ f@)d0+ [ f@)Vadr (4.10)
where V,, is the normal component of the velocity field, i.e. V, = VT.n.

Next, consider a functional defined as an integral over 7, i.e.

¢y = / f(e)dr (4.11)

Then the material derivative of ¢, is:
b= [If +(VAVTV + f(HY, + V., )ldr (.12)

where H is the curvature of the boundary 7, and V;, is the gradient of tan-

gential velocity.

It should be mentioned here that the material derivative of a function ¢
presents the variation of ¢, not the derivative of ¢, i.e. é= $(z+oz,t+6t)—
¢(z,t). This can be seen clearly by the following example. Consider an area

A defined as:

6= / 0
A
then the material derivative of ¢ can be obtained by using (4.10),

b= [ Vadr =54 (4.13)

where 6A is the change of area due to the boundary perturbation, not the rate

of therchange:Butras Vis the function of design variables, so the material
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derivative can be parameterized into design sensitivity. In the following, we
will refer the material derivative as sensitivity in a general sense, and the trans-
formation from the material derivative to design sensitivity will be presented

in 4.4.2.

The relationship between the material derivative and the design

boundary perturbation

Consider an equilibrium body occupying the domain 2 which is bounded

by 7. The equilibrium equations are
i35 + b,‘ =0 (4.14)
where 0;; is the stress tensor, and the b; is the component of the body force.

Consider another equilibrium state with solution A as the displacement,
where A = [A1, A2, A3)7. Multiply X to the equation (4.14), and integrate over

Q, we have

/QO’,']"J‘/\,'dQ-}-/‘;b;A,'dQ =0 (415)

Integrate the first term of equation (4.15) by parts, and note the boundary

traction t; = oy;n;, we obtain the work theorem

[ otwesdn = [ bxda+ [ (4.16)

where u;, 0;;(u), b; and t; are displacement, stress, body force and boundary
traction of the initial problem respectively, and A and e()) are displacement
and strain of another equilibrium state, which is named as the adjoint problem
here. This adjoint problem has the same domain with the initial problem but

with different boundary conditions.

Taking material derivative of equation (4.16) and using the formula (4.12),

we have

/Q o (Wei(A)dQ + /ﬂ 7:5(u)es;(A)dQ + / i (w)e; (A Vadr
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- /ﬂ (BiA; + bikl)dS + / bihiVodr

+ /[t,A, + t,'/.\,' + t;)\i(HVn + V,’s)]dT (417)

Assuming that body force is constant, i.e. & = 0. The adjoint field can be
chosen such that A = 0. The partial derivatives of the stress and strain can be
expressed as:

a,{j(u) = a',-j(tl)——a,-j(VT-Vu) (418)

1

e5(A) = &) —ei(VT-VA) (4.19)

Substituting (4.18) and (4.19) into equation (4.17). After rearrangement,

we obtain:

/ﬂ (@) (1)de

[los(VT-Fu)e(d) + ois(w)eis (V-0
- / bVT-VAdD + / [Eidi + bhiValdr
Q T
+ / [EN(VaH + Vi) — oii(u)es;(W)Valdr  (4.20)
Equation (4.20) provides a general relationship between the material deriva-
tive (left hand side) and the design perturbation (right hand side), which will

be used later on to derive material derivative formulations for displacement

and stress sensitivities.
Material derivative of displacements

Assuming an initial boundary value problem under following boundary
conditions:
u = 0 on T

t =p on T2 (4.21)

Now consider a displacement constraint u at a fixed point zg, o € 1, i.e.

= /ﬂ 8(z — zo)udQ) (4.22)



71

where § is the Dirac delta function.

Taking the material derivative of equation (4.22),

q'S = /ﬂ&(m — xo)u'dﬂ (4.23)

Defining an adjoint problem under following boundary conditions:

u=0 on 7y
(4.24)
t=p,b(z —xo) on T

where p, is a unit force, and p,6(z — o) presents a unit force at point zo. This
adjoint problem is very simple as the only external load is the point load on

Zg-

If we consider equation (4.14) for adjoint problem, and multiply the dis-

placements of the initial problem, then the work theorem (4.16) becomes

/QU()\)E(u)dQ = /Qpaci(x — zg)udf) (4.25)

Since the equation (4.15) is true for any multiplier u, by substituting u = u’
and noting [, o(u)e(A)dQ = [ o(A)e(u)d?, we get

/ﬂ o(u')e(\)dQ = /Q peb(T — zo)u'df2 (4.26)

Taking (4.26) into (4.23), using the relations (4.18) and noting p, = 1,

we have
¢ = L&(m—zo)u’dﬂ
/Q (' )e(A)de

/ﬂ o(@)e(N)d2 — /ﬂ o(VT-Vu)e(A)de (4.27)

Substituting (4.20) into above equation, we obtain
$ = /ﬂ [o:3(u)es;(VT-VA) — b;VT-VAldQ

B ‘/T[t,)\, + b\ V, + t,')\,'(VnH + Vs,s) — O'ij(u)E;j()\)Vn)]dT (4.28)
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where {; denotes the change of initial loads, and the other notations are the

same as before.

In order to use BEM in analysis, the domain integral in above equation
needs to be transformed into boundary integral. This can be done by substi-
tuting A with VT-V )\ in equation (4.16), finally the material derivative of the

displacement is obtained as
$ = / [EVT VA + 6 + A Va]dr

+ [l VaH + Vo) = (e (WVa)ldr (4.29)

The material derivative of stresses can be obtained in the similar way as
the material derivative of displacements, which will be discussed in the next
section. The numerical procedure of the continuum method is summarized as

follows:

1. Solve the initial problem.
2. Formulate the adjoint problem.

3. Solve the adjoint problem. Note that the adjoint problem can be treated
as a special load case of the initial problem. The left hand side matrix
of the adjoint problem is the same as the initial problem, so the back

substitution technique can be used to solve the adjoint equation.

4. Use the formula (4.29) to compute the material derivatives.

4.2.3 Comparisons of the Two Approaches

The following comparisons are based on general observations. In practice,
which is the best method often depends on the nature of the problem itself, as

well as how it is implemented.
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a) The numerical implementation of the CA is relatively easier than the dis-
cretized method. This is because that the CA only involves one more extra
load case for each constraint, whereas the DA needs either to disturb the design
boundary or to implement some analytical formula to deal with the derivative

of the matrix.

b) Theoretically, the CA is an exact formulation, which is expected to give
better results than the approximation formula DA. But as the adjoint problem
in the CA has concentrated adjoint loads, a unsuitable treatment of the adjoint
loads will lead to poor accuracy. If finite different method is used in DA, the

choice of perturbation step is crucial for the accuracy.

c) The CA requires one analysis for each constraint, whereas the DA needs
one analysis for each design variable. If the active constraints are less than the

design variables, then CA will require less computing time than DA.

d) The computing time for total finite difference method is often very high,

due to the requirement of forming new influence matrices of A and B.

4.3 The Implementation of the Material Deriva-

tive of Displacements

The displacement material derivative formula (4.29) can be written as
é=¢1+ ¢ (4.30)
where

¢ = —/Tffij(u)éij(/\)Vn)]dT
b2

/[t‘-VTVA + i,‘Ai + b,')\ivn]dT

(V. H + V,)
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¢1 presents the displacement change with the applied loads fixed, and ¢,

presents the displacement change due to the variations of the applied loads.

If we assume the désign boundary is traction free, and omit the body force,

the equation (4.29) becomes:

b=¢1=— / o(w)e(\)V,dr (4.31)

For both applied loads and the adjoint loads, the conventional boundary
element method can be used to calculate the stress o(u) and the strain g(A).

This calculation is very simple for the adjoint problem due to three reasons:

a) The only external load is a unit load which can be treated as a body

force, there is no integral involved in the calculation of the body force term B.

b) The final adjoint equation has the same left hand side matrix with the
initial applied load equation, therefore the solution of the adjoint equation
can be obtained using the already factorized sets of equations of the initial

problem.

c) All the constraints can be calculated in one process. For example, if m
displacement material derivatives are required, all body force vectors form a

new matrix B, Therefore we can solve the equations as AX = B.

Fig. 4.1 shows an example of a cantilever beam, and the design boundary
is upper surface. Fig. 4.1(a) presents the initial problem under the applied
loads, and Fig. 4.1(b) presents the adjoint problem under the adjoint loads.

The corresponding displacement material derivative is the displacement at c.

The material derivative formula (4.31) is for an isolated fixed point. If we
consider the point moving ( such as the design boundary points), then there
will be one more term which corresponds to the variation of displacement along
the space. i.e.,

¢=- / o(w)e(A)Voadr + VI-Vu (4.32)

T
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where V = [V, V5|7, V; and V; are the components of the velocity field in z,

and z, directions respectively. Vu are the gradients of the displacements, and

Vu = [0u/dz, , Ou/Oz,).

As the boundary movement V is very small in the sensitivity analysis, the
actual position of the boundary after moving can be treated as two steps, first
moving along the normal direction of the boundary, then in the tangential
direction. This can be seen from Fig. 4.2, where the design boundary 7o
moves vertically to 7;. The point a on the design boundary will move to b.
The corresponding normal direction movement is to c. As V is so small, we
can assume the point a moving to ¢ first, then moving tangentially to b, i.e.
V =V, + V,. In the following derivation, the design perturbation will be

always assumed to move in V,, and V, directions.

Usually the point required for displacement sensitivity is on the boundary,

in this case, the extra term can be expressed as:
VI.Vu = vV, + u; nV, (4.33)

where u; 5, u;, are the gradients of the displacement u; in tangential and nor-
mal directions respectively. s; and n; are the direction cosines of the tangential

and the normal vectors with respect to 7 direction respectively.

The u; s can be calculated from the boundary solutions of the initial prob-

lem, i.e.,

U; = UgS; + UpNy

ui,s = us,ssi + un,sni (4.34)

where u,; and u,; are the tangential derivatives of the components of the

displacement u;.

The u;, can be also obtained from the boundary information only [4], in
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the case of plane stress, we have

Pn — VU gln; + [p—G’, — Uns)Si (4.35)

where p,, and p, denote the boundary tractions in normal and tangential di-
rections respectively, F, G and v are Young’s modulus, shear modulus and

Poisson’s ratio respectively.

4.4 Stress Sensitivity Analysis by CA

4.4.1 A Simple Case

One of the most common constraints in shape optimization is the stress. For
2-D elastic problems, the maximum stress is often on the boundary, so the
boundary stress sensitivity analysis is very important. In the following, the
boundary stress sensitivity for a simple case is derived first, then the general

formulation of stress sensitivity is developed next.

Consider a two dimensional elastic body with domain Q and bounded by
T,T = 7] + 7o + 73 + 7., where 7; is the kinematically fixed boundary, 7, is the
loading boundary, 7. is a traction free straight boundary in which the stress

constraint is required, and 73 is the traction free design boundary.

Consider an average stress constraint on 7, defined as:

1
¢=— [ modr (4.36)

l.Jr

where [, is the length of the 7., m,. is a characteristic function which is one in
T, and zero otherwise, oy is the Von Mises stress. For a traction free boundary,
the Von Mises stress equals to the tangential stress, i.e. 6, = Duyy, uyy is the
derivative of tangential displacement. D = 2G/(1 — v) for plane strain, G and

vyaressheargmodulusyandyPoisson’s ratio respectively.
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Taking the material derivative of equation (4.36) , and noting
6, =0, + VI.Vo, (4.37)

therefore

$=1

lo Jr

meo,dr + il-/chT-Vad'r (4.38)

Because the partial derivative with respect to time can commutes with

partial derivative with X, i.e.

5(5) = 2:\ar) (4.39)
, d Ou

Due to the assumption that the constraint area [, is fixed, the second term

of equation (4.38) is zero, therefore

¢'—l

Tl Js

6 ! D i 1
mcDg(us)dT = —l—c-(us2 —Uy) (4.41)
where u,; and u,, denote the material derivatives of displacements at the end

of I, in tangential directions.

Equation (4.41) shows that the material derivative of a stress function is
related with the difference of the material derivatives of the tangential dis-

placements, which is similar to the relation o = Ddu/ds.

By defining an adjoint problem, we can transform the partial derivative of

the displacement by boundary information only. i.e.

Uy =ty = — / o(w)e(\)Vadr (4.42)
finally:
¢ = —-IQ [ o(w)e()Vadr (4.43)
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The adjoint problem is governed by the following boundary conditions:

u=2>_0 on 7y
p=0 on T,UTs (4.44)
p=6z—z;) on 7, =12

The only loads are two point loads acting at the end of 7, along the tan-
gential direction (opposite). Note that equation (4.42) does not include the
¢2 term of equation (4.30) in order to simplify the discussion. The numerical
implementation of the stress sensitivity can be carried out in the same way
as for displacement sensitivity discussed before, but the following points need

special attention:

a) The adjoint loads are two point loads in opposite direction, which pro-

duce a stronger singular strain field near the loading area.

b) As the stress sensitivity is obtained by finite difference method, so the
area [, can not be too big in order to get accurate approximation. If I, ap-

proaches to zero length, the sensitivity will present the sensitivity at a point.

c) The accuracy of the stress sensitivity will depend on both the initial
problem and the adjoint problem. For a well posed initial problem, the so-
lutions of the initial problem are usually accurate. As the adjoint problem
involves singular loads, how to obtain good solutions of the adjoint problem is
very crucial. The special techniques for dealing with the adjoint problem will

be discussed in sections 4.5 and 4.6.
4.4.2 The Stress Sensitivity Formulation for the Gen-
eral Case

The formula (4.43) in last section is valid only for the constraint on flat

undesignedvboundaryswilnnthisvsection, a general formula is derived, which
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takes account the following boundary conditions: a) all the boundary of the
problem can be curved, b) the stress constraint is on the traction boundary,
c) the kinematic boundary is fixed, d) no body force, €) the design boundary
is traction free. The limitations of d) and €) can be left by modifying the ¢
of equation (4.30).

Similar as last section, consider an average stress constraint on the bound-

ary defined as:

sl

m.f(o)dr (4.45)
I Jr
f(o) is a stress measure, such as the maximum stress or the Von Mises stress.
For a general traction boundary, f can be expressed in terms of-tangential

stress oy, normal and tangential tractions p,, p,, 1.e., f = f(01, Py, Ps)-

Taking the material derivative of the (4.45), we obtain

- 9 of . '
¢ = ,2{1 /mc[ 3fpn + 6—p€ps + f(VaH + V,.,)ldr

_/Tfmcd'r -v/;mc(VnH-*-Vs.s)dT}

_ Ly o Of  Of
- lc Tmc{aUth+ apnpn-" ap,pS}dT

+ / me(VolH + V,5) - (f — ¢)dr (4.46)

The variations of boundary tractions p,, and p, can be computed once we
know the nature of the loads. For example if a hydraulic load is applied on
the constraint boundary, then p, = 0, and p, is the pressure change due to
the boundary variation. At present constant tractions for both normal and

tangential directions are assumed, i.e. p, = 0, p, = 0.

For general curved boundaries, a convenient way to model the boundary is
by the polar coordinates, thus the boundary tangential stress can be expressed

as (for plane strain):

Ju, v

)+

= Degy + (—* up" (4.47)

1 -
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where u, and u, are normal and tangential displacements, p, is the normal

traction.
Taking material derivative of oy,

b = o+ oV + oV,
, 19

= D[— + =55 ()]
. 18u;, 10u, 10%u,
HDVorl= T = 55+ 250t v v
+a't,nv;1 + a't‘.sVa (448)

In polar coordinates, we have the following relations (stress-strain):

3u,_i( v
or —Dp" 1—v

Ou, P s Our (4.49)

o — G  vao

a1)

Substituting (4.48) into (4.46), and using (4.49), we obtain

b = L[ pa s T
+l gftDVn[ i)(Pn‘ T 1311861;)—:_2?;;]‘#
+71; i mc-a—;t[at,nVn + 01, Ve]dr
+71: | m(VuH +V,,)(f = $)dr
= bt (20

where
1 af au;
b= 1 [ mes D[— slar
¢ 1s the rest terms of equation (4.50), and k£ = 1 if the boundary is convex,

and equals —1 otherwise. Other notations are the same as before.

It can be seen from equation (4.50) that ¢ is the function of initial problem

and design velocity only. Once the initial problem has been solved and the
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design boundary perturbation is given, ¢, can be calculated directly. The
contribution of ¢, comes from two parts: a) the movement of the constraint
along space; b) the change of the constraint area. ¢, only appears if the

constraint is on the design boundary, otherwise it equals to zero.

¢, presents the stress change at the fixed area. Same as before, this can be

obtained by defining an adjoint problem with displacement solution A, then:

1 6f 1 ] 3u’s

ba = T ) mDPoo it 5
_ D Bf ' ' Mme

= ZE;{[usZ_usl]—*_/T - u,ds}

D

= T f dgaito—(u)e(x)vndr (4.51)

|dr

where 7, denotes the design boundary. 8f/0c, has been assumed to be con-

stant during the derivation.

The difference between the equation (4.51) and (4.43) is that there is one
more term if the boundaries are curved. The extra term in equation (4.51)
corresponds to the normal displacement sensitivity, therefore the adjoint loads
include two parts: the first part is two point loads at the end of . along
tangential opposite directions, and the second part is a uniform traction along
normal direction with magnitude 1/r. The combination of the total adjoint
loads for curved boundaries is shown in Fig. 4.3(a). If the curvature of the
loaded element is small, we can prove that the above adjoint loads will statically

equal to the straight boundary case as shown in Fig. 4.3(b).

As can be seen from equations (4.50) and (4.51) that the material deriva-
tive is the function of the velocity field. As the velocity field is related with
the changes of the design variables, the material derivative can be transformed
into design sensitivity. Given a design perturbation éb, the design sensitivity

of a stress constraint ¢ defined in (4.45) is

= = lim — (4.52)
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where ¢ is the total material derivative.

The components of the velocity field V;,, V, can be generally written as

Va fa(£)8b

V, = [fi(£)sb (4.53)

where f, and f, are interpolation functions in normal and tangential directions

respectively.

The physical meaning of f; is the change of the design boundary in ¢ direc-
tion due to the unit change of the design variable b. The form of f; depends on
the design boundary representation as well as the perturbation of the design

variable.

By combining equations (4.50) and (4.51), and using (4.53), the design
sensitivity of (4.52) is obtained as

d¢ _ D rof
5 = " A ao_ta(u)s()\)fndT
1 of U, 1 v 2 Op, 1 8%u,
+lc 1m°aath"K[_r2 t rD(p" AL t 1—v 00 )= r? §%0 ldr

1 of
+Z -[r mca_a,t[gt,nfn + Ut,sfs]dT

7 [ + L) $)dr (4.51)
where
_ 4
fas =72
fos = &, (4.55)

ds
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4.5 The Modelling of the Adjoint Problem

4.5.1 Numerical Approaches for Problems with singu-

lar Loads

One of the main concerns of the continuum method for design sensitivity anal-
ysis is the modelling of the adjoint problem because of the appearance of the
singular adjoint loads. The contribution of the adjoint problem to design sen-

sitivity formula can be written simply as
b0 =C [ o(ue(\)Vadr (4.56)
Td

where C' is a constant, o(u) and e(A) are solutions of the initial problem and
the adjoint problem respectively, V, is the normal component of the velocity

field, and 74 is the design boundary.

There are two cases needed to be considered. The first case is that the ad-
joint loads are applied on the part of boundary which does not change shape, or
inside the domain, then according to Saint Venant’s principle, the unbounded
strain field due to the adjoint loads is confined to a small local area, with reg-
ular strain field away from the adjoint loads ( including the design boundary).
Since the sensitivity ana]yéis needs only the strain information on the design
boundary as indicated by equation (4.56), the singular adjoint load will not
significantly influence the distribution of the strain on the design boundary,
therefore the adjoint loads can be implemented into BEM formulation directly

as a body force.

The second case is when the adjoint loads are on the design boundary, in
which the strain field is singular and causes problem in the formulation for
sensitivity analysis. For a displacement sensitivity, the adjoint load is a unit
load, therefore the strain near the load will behavior as 1/r. Even though the

use of quadratic element can not model the 1/r strain distribution exactly,
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according to author’s experience, the (1) in (4.56) can be approximated by
a polynomial function. The reason for such approximation is mainly due to
the facts that 1) €(X) is singular at the loading point, but the final integral of
(4.56) is finite since the singular term has different signs from the two sides,

2) the singular term 1/r dies down very quickly away from the loading point.

In the case of a stress constraint on the design boundary, the strain field
becomes more singular with the order of 1/r?, the direct use of adjoint loads
into BEM formulation will not provide satisfactory solutions. As will be shown
in the examples later on, the direct implementation of two point loads in BEM
formulation can only be used in a smooth boundary with uniform. velocity and
far away from any corners. So some treatments are required to deal with the
adjoint problem for stress constraints. Four approaches have been considered

in the research which are:

1) Mesh refinement and special elements method (M1)

3) Smooth load method (M3)

(
(2) Local singular function method (M2)
(
(4) Singularity subtraction method (M4)

In the following, each method will be discussed. The numerical procedures
for M2, M3 and M4 are proposed, with full investigation of M3. The numerical

implementation of M4 will be developed in section 4.6.

4.5.2 Mesh Refinement and Special Elements Methods

One common method to model singularities is to grade the mesh in the neigh-
borhood of the singularity. The mesh refinement can minimize the area of local
singularity, and can be used for weak singularity, or some corners in which the

interest is the solutions away from the corners.

Another similar method'isto'introduce special elements such as the quarter
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point elements so that the interpolation function presents some kind singular-
ity. Both mesh refinement and special element methods can not be used to
model arbitrary order singularity. As the number of constraints could be very
large, so the most important feature required to formulate the adjoint prob-
lem is to keep the same mesh with the initial problem so that the factorized
left hand matrix of initial problem can be used as discussed before. The mesh
refinement and the special elements methods do not possess this feature, there-

fore they are not suitable for the modelling of the adjoint problem.

4.5.3 Local Singular Function Method

It is always possible to split the unknown displacement field into two parts
near the singularity, i.e. v = u, + u,, where u, is a singular field, and u, is
the regular field. If the analytical form of u, can be found, then the unknown
singular field u can be transformed into a unknown regular field u, plus a
known singular field u,, such that the final system equation does not involve
singular unknowns. It is called local singular function method if the splitting
of displacement field is confined only locally. This approach have been used in

FEM for solving crack problems [7].

This idea. is used here to develop an algorithm for solving the adjoint prob-

lem by BEM, which is outlined as follows.

Consider an adjoint problem for a stress constraint on a boundary, so the
adjoint loads will be two point loads on the boundary, with a small distance
2d between them. Fig. 4.4(a) shows an adjoint problem with domain €,
and bounded by boundaries 7, and 75, where 7y is the kinematically fixed
boundary, and adjoint loads are on the traction boundary 7,. A is the center
of the two unit loads. This adjoint problem can be split into two subproblems
based on superposition as shown in Fig. 4.4(b) and 4.4(c). We denotes the
adjoint problem of Fig. 4.4(2) as problem (a), the problems of Fig. 4.4(b) and
Fig. 4.4(c) as problem (b) and problem (c) respectively.
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Fig. 4.4(b) denotes the two point loads acting on the semi-infinite plane,
and the corresponding displacements and tractions on boundary m; and 7, are
u and p respectively. The solution of the problem (b) can be easily obtained by
differentiating the well known Mindlin’s solutions of one point load, therefore

the solutions of displacements and stresses of the problem (b) are known.

Fig. 4.4(c) presents the complementary problem (b) so that the sum of

problem (b) and (c) satisfies the initial boundary conditions of the problem

(a).
Such division provides us the following relation,

solution (c) = solution (a) — solution (b) (4.57)

As far as the adjoint loads are not applied on the corners, the solution of
problem (c) at neighborhood A* should be regular, i.e. no singularity exists
near A*. Therefore we conclude that problem (a) and problem (b) should
have the same singularity at the neighborhood of A*. This conclusion provides
such a construction of u = u, + u, near point A*, in which u is the singular
unknown displacement field of the adjoint problem, u; is the singular solutions
of problem (b), and u, is the remain regular solution of problem (c). This
splitting process transforms the singular unknown displacement into a regular
unknown displacement. In practice this splitting function could be confined
in only one element where the adjoint loads are acting on the middle of the

element.

Consider the adjoint loading on element k with length c, and the distance
between the two point loads is 2d. The semi-infinite plate solution u, in local

coordinate £ can be written as

2 E—A
Ug = _E log | “-—A I (458)



where

A== (4.59)

Assuming the displacement at the load element k has the form u, + u,,

with u, having quadratic variation, i.e.

2 E—A
u=u,+u,=a1€2+a2£+a3—ﬁlog|m] (460)
In order to keep the continuity with the adjacent elements, the following

boundary conditions are used to obtain a,, a; and aa,

UE=_.1 = U (461)
Uemo = U (4.62)
Ug=1 = U3 (4.63)

where u;, u; and uj are nodal displacements.

Using boundary conditions (4.61)- (4.63), the equation (4.60) can be

simplified as:

3
u=3_ i+ f(€,A) (4.64)
=1
where
A — A
6, A) =~ llog | {5 €+ log | £ 1 (4.65)

and ¢; are standard quadratic interpolation functions.

Note that the equation (4.65) is derived based on a flat boundary. Since
the distance between the two point loads is very small, it can also be used

approximately for curved boundaries.

Recall the boundary integral equation for node i,

cui+ Y [ prudr= z/ u*pdr (4.66)
i=1Y7i

j=1"7i
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In the element k, u = 3~ dmum + fi(€, A), for any other elements f equals
to zero, therefore we have

cuit+ [ et =3 [ woTarp -~ [y A (467)
j=1 T Tk

j=17i
The final system equation in matrix form:
HU=GFP+F (4.68)

where H,G are standard influence matrices,
U,P are boundary displacements and tractions respectively,

F denotes singular field term, F; = — [ p* fx(¢, A)d.

The purpose to introduce fi(£,A) is to evaluate the displacement field
analytically for the singular term. The solutions U of the equation (4.68) are

boundary displacements except in element k, in which v = u + f(§, A).

The difficulty related with the special shape function method is that the
Fin (4.68) includes high order singular integrands. For a straight boundary
it is possible to compute this integral analytically. But for the general curved
boundary, numerical integration is needed, therefore a proper technique for
this singular integral should be used. This method has not been justified by

numerical implementation, and further research is needed.

4.5.4 Smooth Loading Method

The aim to smooth the adjoint loads is to smooth the displacement field near
the adjoint loads by introducing equivalent distributed loads. The equivalent

loads should satisfy the following conditions.
1) Global equality

Global equality requires that statically the distributed loads should be equal

to the adjoint loads both in magnitude, direction and position ( center of
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loads). This equality ensures that the equivalent loads have the same effects
as the adjoint loads globally except the area near the loads. This is justified
by Saint-Venant’s.

2) Local equality

Local equality ensures that the local effects of the equivalent loads are the
same as the point loads for the stress constraint. Because the adjoint loads are
self-equilibrium on a small area, the strain is very small except near the loads.

So it is important to evaluate the local distribution of strain accurately.

It is easier to choose the forms of loads which satisfy the global equality.
The basic form of such loads are anti-symmetric distributed loads, with the

center of loads coinciding with the point loads.

The requirement of local equality needs more attention. Consider a straight
traction free boundary first. For quadratic element modelling, the displace-
ments have quadratic variation in each element, the tangential stress is linear

in each element. Consider a stress constraint as

1

la Ta

@ a.dr (4.69)

here 7, is part of the element k. As the stress is linear, the mean stress ¢ is

equal to the middle point stress of the element. i.e.
¢ =0m (4.70)

so the stress sensitivity will be the middle point stress sensitivity of the element.

The adjoint loads is shown in Fig. 4.5, where [, = 2a

For a different distance a, according to the above observation, the stress
sensitivity should be the same, i.e. representing the middle point stress sen-
sitivity. By the superposition principle, the distributed loads also represents
the mean stress sensitivity. So we get the following conclusion: For straight

boundaries, any anti-symmetric distributed loads ( including point loads ) rep-
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resent the adjoint loads of stress sensitivity, under the condition that loading

area is small, usually within one element.

If the adjoint loads are on the curved boundary, there will be two sets of
adjoint loads, one is the distributed load along normal direction, and another
one is the two point loads along the tangential direction. Again the two point
loads can be approximated with the same methods of straight boundary by

distributed equivalent loads along the tangential direction.

The simplest distributed loads are triangle loads as shown in Fig. 4.6, which
can be implemented into BEM directly as boundary traction. The distribution
of the equivalent triangle loads can be calculated as following. Assuming the
distributed load has the form p = ¢£, and the length of the element is I. In
order to equivalent the distributed loads with the two point loads apart away

with distance [, we have the following relation by static equivalency:

Y
Ix1= /_lc£§§{d§ (4.71)

therefore

C =

6 (4.72)
l

In order to further smooth the strain field, other smooth distributed loads
can be chosen such as those shown in Fig. 4.7, in which the calculation of
Ju*pdr can not be separated into [u*®drP. Since the distribution of p is

known, the integral can be calculated directly as [ u*pdr.

Since the adjoint loads for curved boundary can be approximated as two
point loads as shown in Fig. 4.3(b), the distributed loads shown in Fig. 4.6

and Fig. 4.7 can also be employed as the adjoint loads for curved boundaries.
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4.5.5 Singularity Subtraction Method

One attractive way to model the adjoint problem is to remove the singularity
from the BEM equation, which is often referred as singularity subtraction
method. This method has been used in many application, such as fracture
mechanics [8, 9]. In the following, the basic procedure is given, the detailed
development for solving the adjoint problem will be presented in the next

section.
Recall the adjoint problem in matrix form:

HU = GP (4.73)

As the adjoint loads are two point loads, so the displacement field near the
adjoint loads will be singular. Assuming that the solutions of another elastic
problem with the same singularity near the adjoint loads are known, noted as
U, and P,. So we have:

HU; = GP; (4.74)

Subtract equation (4.73) by equation (4.74), we have
HU,; = GP; (4.75)
where U, = U —-U, and P, =P - P,.

As U and U,, P and P, have the same singularity near the adjoint loads,
therefore U, and P, will be regular. Since equation (4.75) involves only regular
boundary conditions, it can be solved by standard BEM, and the final solutions
of the adjoint problem can be obtained by adding the singular solution U, and
P, to U, and P,.
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4.5.6 Concluding Remarks

Four approaches are investigated above for the modelling of the adjoint prob-
lem. Although the mesh refinement and special elements methods are simple
in concept, the requirement for rearranging the initial mesh needs much high
computation cost which makes it difficult to use in practice. All the other
three methods have the same left hand side matrix with the initial problem,
so the forward and back substitutions can be carried when solving the adjoint

problem.

As the accuracy is concerned, the singularity subtraction method removes
the singularity completely from the BEM equation, therefore better results can
be expected. The smooth load method only smooth the singular field, whereas
the local singular function method has the difficulty to calculate the singular

integral F accurately.

The simplest method in term of implementation is the smooth load method
in which the external load of the adjoint problem is a localized distributed
load (often on one element only). The singularity subtraction method needs
to compute the new regular boundary conditions (U, , P,), and the local

singular function method requires the calculation of the term F.

By considering both efficiency and the accuracy of the methods for the
adjoint problem, the possible best methods are the smooth load method and
the singularity subtraction method, in which the former has been fully studied

above and the latter will be investigated next.
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4.6 Implementation of the Singularity Sub-
traction Method

The singularity subtraction method (SSM) can remove the singularity com-
pletely from the BEM equation, so it is ideal for modelling the adjoint prob-
lem. In this approach the final solutions are obtained by the combination of
two solutions - the regular solution and the singular solution, in which the
singular solution is known analytically. This approach has been successfully
applied to fracture mechanics by Aliabadi et al [8, 9], in which the exact form

of the singular field is known for 2-D crack (Williams field).

The problem arises in finding a singular field with the same singularity
as the adjoint problem in the vicinity of the adjoint loads. As discussed in
the special shape function method, the solutions of two unit loads on the
semi-infinite plane has the same singularity as the same loads acting on any
smooth traction free boundary, thus they can be used as the singular field
for subtraction. But as can be seen from Fig. 4.4, the relation of ¢(a) =
#(b) + ¢(c), where ¢ presents the solutions of the problem, was derived under
the assumption that the domain is bounded by a closed convex boundary. This
implies that no part of the domain will cross the horizontal line into the top
half-plane. Fig. 4.8 shows an adjoint problem, in which part of the domain is

on the other side, therefore the statement of ¢(a) = ¢(b) + ¢(c) is not valid.

In order to apply SSM to arbitrary boundaries, it is necessary to built a

singular field for the case of Fig. 4.8.

First, let’s construct a field with two point loads acting on a semi-infinite
plane. Since the analytical solutions of one point load on the semi-infinite plane
are well known as the Mindlin’s solutions, by differentiating the solutions along
y direction, the fundamental solutions with two point loads can be found, which

are given in appendix A.



94

Next, by using the mirror image, the above solutions can also be applied to
the whole upper semi-infinite plane except the place where the two unit loads

are applied (such as the case of Fig. 4.8). This can be explained as following.

Consider a domain § under a pair unit loads as shown in Fig. 4.9, Q =
Qo + Oy, where Q,, denotes the semi-infinite plane, and ©, is a finite domain
attached to o,. The mirror image of €; in the semi-infinite plane is denoted

as Qz.

If the , is removed from the Q as shown in Fig. 4.10, then the remaining
part Q. is a semi-infinite plane, so the solutions over this semi-infinite plane

under the pair loads are known. These solutions are named as solutions A.

From the solutions A we can compute the displacements and tractions along

the boundary of Q,, i.e.

t=1t u=uy on Ty (4.76)

where the tractions t; = oy;n;.
If the Q, is taken from the half-plane Q,, and the uy, ugg or i,, ty are
applied on the boundaries 75+ 79, the solutions for this boundary value problem
will be exactly the same as the solutions A at domain Q. Fig 4.11 shows a

case where part of the boundary is subject to displacements, part to tractions.

We call the solutions of Fig. 4.11 as solutions B. Obviously we have,
fB(z) = fa(2) z €
where fp and f4 denote the solutions B and solutions A respectively.

The elastic solutions in ; of Fig. 4.9 can be constructed as the mirror
image of the solutions B, i.e. rotating the solutions B onto the domain ;.

The fundamental solutions for the domain €2, then can be written as:

U, = Uy



i
U, = —Uy
£
aa:a: = Ozz
ai = o0,
yy vy
i
Opy = —Ozy (4.77)

where i denotes the node in top half plane, u* and ¢* are the displacement and
stress fields in §,, v and o are the corresponding mirror image of node i in the
lower half plane §,, which can be obtained from the formulations of Appendix

A. The boundary tractions in {; can be computed as t; = o};n;.

The arguments for such a construction of the solutions in §2; are based on

the following considerations.

a) The tractions based on (4.77) along 7o is zero, also u = u, = 0, which
mean that both tractions and the displacements are continuous across the

common boundary T, so no discontinuity is involved in the domain {2.

b) The 2, under the boundary tractions #,, t59 and displacements us , t3g

forms an equilibrium state, therefore the domain  will still be in equilibrium.

The numerical implementation of the SSM is:

1. Form the governing equation of BEM for the adjoint problem:
HU =GP (4.78)

where H,G are influence matrices, U and P are boundary displacements
and tractions. Note the tractions are zero everywhere except two unit

loads.

2. Define new boundary conditions as:

P,=P-P, (4.79)
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where U, and P, are the displacements and tractions given in the ap-
pendix A. If part of the boundary is on the top half plane, the equation
(4.77) is used to compute the U, and P,.

As discussed above, P and P,, U and U, have the same singularity near
the pair loads, the new variables U, and P, will be regular. Substituting
equation (4.79) into (4.78), and noting that the U, and P, are the

solutions of an equilibrium state, i.e. HU, = GP,, therefore:

HU, = GP, (4.80)

3. After solving the equation (4.80) for U, and P,, the final solutions can
be obtained by adding U, and P, to U, and P,.

Unlike the point loads and element loads methods, the SSM totally removes
the singularity from the BEM equation, therefore the final solutions can be
expected to be more accurate, and the above procedure can be easily imple-
mented. As we known the fundamental solutions of two point loads acting on
the semi-infinite space, so this technique can be extended to three-dimensional

problems.

4.7 A New Finite Difference Based Approach

to Shape Design Sensitivity Analysis

Of the many approaches to design sensitivity analysis, the total finite dif-
ference method (simply noted as FDM), in which the design sensitivities are
calculated by disturbing each design variable in turn, and using the finite differ-
ence formula to approximate the derivative of the constraints and the objective
function, is simple in concept, and has been widely used in the past {10, 11].

However there are two serious drawbacks by using FDM; 1) the accuracy of
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the design sensitivity often depends on the choice of the perturbation step, 2)
the computational cost is usually higher [12].

A new finite difference based method is presented in this thesis, which over-
comes the two drawbacks of FDM. By analyzing the perturbation procedure of
FDM, the difference between the initial geometry and the perturbed geometry
can be replaced by a perturbation load, which is a function of the stress field of
the initial problem and the design boundary geometry. This new method, em-
ploying the finite difference concept and the perturbation load, will be referred

as finite difference load method (FDLM).

4.7.1 A Simple Example

In order to explain the basic idea behind FDLM, a simple cantilever beam
example is considered first. Fig. 4.12(a). shows a thin cantilever beam, in
which the load is applied at the right end. As [ >> b, the beam theory can be
used. The length of the beam [ is chosen as the design variable, and the load

is assumed to be constant during the design change.

Consider a constraint of bending moment at cross section C, with z = Z,

thus the initial bending moment can be expressed as:

g()=M =p(l—2z) (4.81)

Differentiating ¢(!) with respect the to design variable I, we obtain the

design sensitivity analytically, i.e.

dg;_(ll) =p (4.82)

In what follows, we will use another approach to calculate the design sen-

sitivity, i.e. using FDLM.
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As the forces at any cross section of the initial beam contain two compo-
nents, one is the vertical force p, another one is the bending moment M, where
M = p(l — z). If we cut the beam into two parts at cross section A, and ap-
ply the stresses at section A as boundary tractions, as shown in Fig. 4.12(b),
where M, = pél and P, = p, then Fig. 4.12(a) and Fig. 4.12(b) produce
the same structural responses (stress, bending moment etc.) for the remaining
part of the beam, 0 < z <! — §l. This means that the bending moment at C
of the initial beam (Fig. 4.12(a)) has the same value of the bending moment
of Fig. 4.12(b). According to the superposition principle, the loads of Fig.
4.12(b) can be separated as shown in Fig. 4.12(c) and Fig. 4.12(d), therefore

the bending moment at cross section C can be expressed as
M = Ml + M2 (4-83)

where M; is under the load P, as shown in Fig. 4.12(c), and M, under the
load M, as shown in Fig. 4.12(d).

By definition, the design sensitivity is the change rate of g with respect
to the design change. As the initial ¢ equals to M, and the modified g after
design perturbation 8(—I) is M, thus we have

dg(!) . M -M
TR 5(=0) (4:84)

where —[ indicates the negative change of the design variable I, which modifies

the beam length from ! to { — él.

Substituting (4.83) into (4.84), we obtain

dg() _ .. M,
—_— = — 4.
a " imE (4.85)
M, is the solution of the perturbed beam under load M, (Fig. 4.12(d)), so
M, = M,. For a linear elastic structure, the structural response is proportional

to the applied loads, so the solution M,/é! can be obtained by modifying the
load M, to M,/6l. The modified load M, /6l is called the perturbation load
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p" in order to distinguish it with the ‘adjoint load’ in the continuum method,
and the ‘pseudo-load’ in the semi-analytical finite difference method. Since

M, = pél, the perturbation load p* = p.

The solution for the perturbed beam under perturbation load p* will give
a bending moment p at cross section C, which is the same as the analytical
solution by (4.82). This implies that the sensitivity of the bending moment
at cross section C can be obtained by putting a perturbation load oﬁ the
perturbed beam. As §l approaches zero, the perturbed beam approaches the
initial beam, therefore we can apply the bending moment p* = p onto the
initial beam. Fig. 4.12(e) shows the perturbation load on the initial geometry,

which presents the design sensitivity respect to design variable [.

It can be clearly seen from this example that FDLM needs only the solutions
of the initial structure under the perturbation loads p*. As the sensitivity is
obtained by applying the perturbation loads onto the initial structure as an
extra load case, so there is neither perturbation step nor new perturbation

geometry involved in the sensitivity calculation.

4.7.2 Derivation of the Finite Difference Load Method
(FDLM)

Before the derivation of the finite difference load method (FDLM) for 2-D
continuum structures, let us have a close look of the design boundary per-
turbation. Consider a smooth design boundary 7 as shown in Fig. 4.13 In
simplicity assuming only one design variable, the vector r, controls the design

boundary shape, with point a and b fixed.

Given an infinitely small design perturbation ér, which will form a new
boundary 7;. As far as the boundary geometry is concerned, the tangential

component. of ér has no effect for.the modification of the boundary geometry.
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This indicates that only the normal component of the design perturbation ér

is needed to specify the new design boundary.

The normal movement of the design boundary can be expressed as
V. = f(é)érn (4.86)

where V, denotes the normal movement of the design boundary due to the
perturbation of design variable r, n is the outward normal vector, £ presents
the local coordinates. f is a shape function to interpolate the shape of the
perturbation, with the values f(a) = f(b) = 0, f(r) = 1. f can be any
continuous functions, such as linear for the linear boundary representation,

cubic for the cubic spline representation.

Now consider a general two dimensional structure as shown in Fig.4.14(a).
The domain ) are bounded by boundaries 7, and 7,, where 7; is the kinemat-
ically fixed boundary, and 7, is the traction boundary. Part of boundary m,
is the design boundary, noted as 74, and the remaining part of the traction
boundary is 7;. The tractions on ; are P, and tractions on 74 have the compo-
nents of T, and T, in tangential and normal directions. This initial boundary

value problem is denoted as problem 1.

As the design boundary is controlled by the design variables, when disturb-
ing one design variable b with b, where §b = |6b|, the design boundary will

move from 7, to 7;. The normal movement of the design boundary is

Va(€) = £(£)ébn, (4.87)

where n, is the normal component of the unit vector §b/|6b|. V, is the design
boundary perturbation along normal direction, and f is the shape function for

the design boundary representation.

Since V,, is very small, the stresses along contour T‘; of the initial structure
can be approximated as

= ot o2

o] V.
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ot = T4y,
on-
do
+ - sn
of = T,+an__V,, (4.88)

where o, presents the tangential stress on the initial design boundary, o3

is
the stress along 7,. T, and T, are boundary tractions in normal and tangential
directions respectively. V, is the distance between 74 and 7;. n~ presents the

inward normal direction, as the stress does not exist outside the domain.

Cut the domain {2 along the boundary 74, and name the remaining domain
as Q, bounded by 7, + 7 + 7;, which will be called the perturbed structure.
If we apply boundary traction a?jnj onto the -boundary 7, of the perturbed
structure, we have another boundary value problem, denoted as problem 2.

Fig. 4.14(b) shows the problem 2, where p, and p, are the components of

+

tractions o;n; along tangential and normal directions. It is obvious that the

solutions of problem 1 are the same as the solutions of problem 2 for = € (1,.

The components p, and p, on the T; can be obtained as follows

pn = oFsin®(8,) + o cos?(6,) + 207 sin(6,) cos(8,,)
ps = o5 (cos?f, —sin®8,) + (0F —o})sin b, cos b, (4.89)
and
0,=06%-¢! (4.90)

where 6! and 62 are the normal directions of boundary 7 and 7' respectively.
Substituting (4.88) into (4.89), we obtain

pn = 0,sin®8, + T, cos® 0, + 2T, sin b, cos b,

60'5 .2 aan 2 ao-an N
+(an_ sin“ §,, + P cos” 0, + 26n" sin 8, cos 0,,)V,,
ps = (05— T,)sinb, cosb, — T,(sin’ @, — cos® 0,,)
do, Oo, Jo,

an_" (sin® 8, — cos® 8,)]V,, (4.91)

——)sinf, cos b, —

+( on-  on-
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The applied load T,, and T on the design boundary 74 will change during
the design boundary perturbation, i.e. T, — T2, T, — T?. Consider a struc-
tural response g(z), € (1, the sensitivity due to the perturbation of design
variable 8b, by definition, can be written as:

7= im 5" (452
where g, is the response of the initial structure under loads P, T, and T,. g3
is the response of the perturbed structure under load P, T2 and T?, which is

named as problem 3.

Because the solutions of problem 1 are the same as the solutions of the
problem 2, so g; can be replaced by gy, i.e. g2(z) = g1(z), ¢ € Q.. By ex-
amining equation (4.92), it is noted that the design sensitivity dg/db is the
difference of solutions of problem 2 and problem 3, and divided by éb. The
problem 2 and problem 3 have the same domain 1,, the same kinematical
boundary, but with different loads, by using superposition principle and the
property of elasticity (i.e. the structural response is proportional to the ap-
plied loads), we end up that the design sensitivity dg/db is the solution of the

perturbed structure under certain loads, which are called perturbation loads.

The perturbation loads equal the differences of the tractions of problem 2
(i.e. P, p, and p,) and problem 3 (i.e. P, T'® and T?), and divided by 8b. As

P is canceled out, so we have

p»: — li n pn
" §6—0 &b
* — N Tsa - p3
Py = hm =% (4.93)

where p;. and p} are the normal and tangential components of the perturbation

loads.
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Noting the following approximation,

9, —0
b — 0= cosh, —1 (4.94)

sinf, — 0

Substitute (4.91) into (4.93). After lengthy algebra derivation, finally we

have
. do, _ oT,
Pn = —-an_ f(f)nb - 2T,C, + ab
. Oom o,
p, = — In— f(f)nb - (Us - Tﬂ)ci + b (495)

where 07,/0b and 37T,/0b is the change rate of the external load on the de-
sign boundary with respect to the design variable b, and ¢; = sin 8,/6b which
depends on the design boundary modelling.

It can be seen from the above procedure that once the perturbation loads
are known, the design sensitivities can be obtained by solving the boundary
value problem of the perturbed structure under perturbation load p* as shown
in Fig. 4.14(c). Since the limiting process §b — 0 leads the perturbed structure
approaching to the initial structure (i.e. , — ), so the perturbation loads
can be applied on the initial structure to calculate the design sensitivity. We
name the problem of the initial structure under the perturbation loads as the
perturbation problem, therefore the design sensitivities are the solutions of the

perturbation problem.

4.7.3 Further Discussions of FDLM

The perturbation loads given by (4.95) are obtained assuming that V, is
positive moving towards the domain { (i.e. n~ direction). In order to keep
the conventional notation that V, is positive in n* direction, we can simply

change the sign of p; and p; in (4.95). The geometry change from towards
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the domain to outward the domain will also change the sign of ¢;, d7,,/0b and

0T,/0b, so (4.95) becomes,

. _ Oo 0T,

Po = = f(@)m— 2T+

. _ Oom | 0T,

Po = 5, fOnm— (0. -To)e+ 5 (4.96)

where n~ denotes the normal towards domain. f(£) is the shape function of
the design perturbation, which is positive outward domain. Fig. 4.15 shows a

case of design boundary perturbation, in which f(a) = f(8) =0, f(c) = 1.

In order to clarify the meanings of ¢;, ny, 87,/3b, 8T,/3b, an example
of a concrete wall subject to water pressure shown in Fig. 4.16 is used for
demonstration. The design boundary is ad, z is the angle of the slope ad, and

the design variable is b. Given a design perturbation b, we have

ny = sin(z)
clz) = —}1; sin’(2)
f(®) = Tsin(z)
oL () _
o 0
oye) _ =z,
% = R0 (z) cos(z) (4.97)

It can be seen form (4.97) that n, depends on the direction of éb only,
f(z) is the function of position z, and ¢;, 8Ts/0b, 37T, /3b are functions of z,
ny and f(z).

From (4.96), it is clear that we need to evaluate the derivatives of stresses
0, and oy, along normal directions in order to obtain the perturbation loads.
By considering the equilibrium equation of a small block along the boundary,
these two terms can be obtained by boundary information only, which has been
used in the continuum approach without proof. Since the polar coordinates are

very convenient coordinates for general 2-D boundary modelling and include
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the case of X — Y coordinates, the polar coordinates will be used for the
derivations of the derivatives. The detail derivation can be found in appendix

B, and the results are given as following:

do, do,g 0, —0g

on- K roo + r +X)
Bam _ 809 2
g k(;ég +oom+ X.) (4.98)

where 0,4, 0, and oy are the tangential boundary traction, normal boundary
traction and tangential stress respectively. ¥ = 1 if 7% is in the n™ direction,
otherwise k = —1. X, and X, are the components of the body force in radial

and tangential direction respectively.

The solutions of the displacements and stresses of the perturbation prob-
lem present the displacement and stress sensitivities at a fixed point, i.e.

Ou/db, 8a/db. If the constraint is an integral at a fixed area,

g :/h(a,u)d'r (4.99)
then the sensitivity can be written as

dg /ahaa Oh Ou i (4.100)

=~ 1o o * auaw)
where & is a general function of the displacement and the stress. du/db, do/db
are the solutions from FDLM, d¢/3b denotes the design sensitivity at a fixed

area.

The structural response g(z) discussed above is in a fixed area. If the
constraint is defined on the design boundary, the constraint area will move
as the design boundary moves. For such case the design sensitivity obtained

above can be modified by using the material derivative method.

According to the material derivative concept, the total change of a function

g can be separated into two parts as stated in equation (4.50),

Dg
=2 _ §g, + g, 4.101
D~ 9t (4.101)
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where Dg/Dt presents the total change of the function g, 8g; is the change of
g at a fixed area (the ¢, in equation (4.50)), i.e. 8g; = g(z,t + 6t) — g(z,1),
bg. presents the contribution due to the movement of the constraint area (¢

of (4.50)), i.e. 69, = g(z + dz,t) — g(z,1).

Since the sensitivity is the change rate of g with respect to the design
variable b, by dividing (4.101) by 8b, and let b — 0, we obtain the design
sensitivity
_0g: , 0gs

dg .1

where dg/db is the final design sensitivity, dg,/db is the design sensitivity at
a fixed area which can be obtained from the solutions of FDLM. The second

term is due to the movement of the constraint.

(4.102) is the general formulation for shape design sensitivity. The cal-
culation for dg,/db depends upon the type of constraints. If a constraint is

defined at one point of the design boundary, then [13]
89z = gsVs + 92 Va (4.103)

g,s and ¢, present the gradients of ¢ in tangential and normal directions re-
spectively, V, and V, is the movement of the constraint along tangential and

normal directions respectively.

Note V, = f(¢)6bs, and V,, = f(£)bbny, so

Xz gl (€ 9l (E)ns (£104)

where s, and n, are the components of unit vector éb/|b| in tangential and

normal directions respectively.

For other case of g, the expressions of dg./Jb can be derived in a similar

way.

The numerical implementation of the FDLM for design sensitivity calcula-

tion can be summarized as following:
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1. Solve the initial problem under the applied loads.
2. Calculate the perturbation loads given by formula (4.96).

3. Apply the perturbation loads to the initial structure, and the design sen-
sitivities can be obtained from the solutions of FDLM. The perturbation
problem can be solved using the already factorized system equation of

the initial problem.

4. If the constraint is on the design boundary, add dg,/db to the above

solutions.

4.7.4 Concluding Remarks

The FDLM formulation is based on the continuum model, no discretization
approximations are involved during the derivation of the perturbation loads.
As the perturbation loads of FDLM are acting on the initial geometry, thus
the solution under this load can be solved efficiently by using already factor-
ized matrices for the initial problem analysis. Subsequently it is very easy to

implement using the existing analysis programs

Although the formula for perturbation loads has been derived for 2-D elastic
problems, It can be easily extended to 3-D problems using the same concepts.

FDLM can be coupled with either FEM or BEM for design sensitivity analysis.

4.8 Numerical Examples

As presented in previous sections that four different approaches have been

developed to obtain stress sensitivity, which are:
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1. the continuum method by applying point loads as the adjoint loads
(PLM).

2. The continuum method by applying distributed element loads as the
adjoint loads (ELM).

3. The continuum method by using singularity subtraction method for the

adjoint problem (SSM).

4. The new finite difference load methods (FDLM).

In the following, four test examples are used to study the accuracy of these
four methods. The influences of the mesh refinement are also investigated.

The examples are:

1. A cantilever beam.

2. A circular plate under internal pressure.
3. A fillet.

4. An elastic ring under a concentrated load.

The stress constraint of these examples is the average stress over part of
the boundary, i.e.
1
¢=— [ moodr (4.105)

l.Jr

where [, is the element length of the stress constraint.

In all the examples, continuous elements are used in BEM analysis, and

the computations are carried out on a VAX 11/750 of C.M.L
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4.8.1 A Cantilever Beam

The first example is a cantilever beam as shown in Fig. 4.17. The dimensions of
the beam are: b=2 and L=10. The material properties are: Young’s modulus
E = 1.0 x 107, and Poisson’s ratio v = 0.3. The loads are applied at the
right end parabolically with p=4/3. The depth of the beam is chosen as the
design variable. As this is a thin beam, so the beam theory can be used as the

analytical solutions.

Let us first examine the stress sensitivities along the lower surface of the
beam under a given mesh as shown in Fig. 4.18. The sensitivity results at fixed
elements along the lower surface are listed in Table 4.1, and are plotted in Fig.
4.19., in which FDM is the finite difference results by disturbing the design
variable by 0.01%. PLM, ELM, SSM and FDLM are sensitivities obtained

numerically. The relative error is defined as:

§ = | I — 9FDM (4.106)
TFDM

where 0, and ogpys are the numerical solutions and finite difference solutions

respectively.

It can be seen from the results that all the four methods agree with the
finite difference method well except at element 10, which is near the tip of
the beam. ELM, SSM and FDLM give better results than PLM in general.
The poor accuracy at element 10 may be due to the following reasons: a)
the stress level at element 10 is very small; b) the stress sensitivity level of
element 10 is also small; ¢) the influence of the corner which often causes poor
BEM results. It is noted that the FDM results are nearly the same with the

analytical solutions of beam theory (within 0.5%).

The mesh refinement method is used next to investigate the relationship
between the stress sensitivity and the boundary mesh. The mesh arrangement

is shown in Fig. 4.20, where IV, denotes the element’s number on the upper
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surface and the bottom surface, and N, for the elements on the two ends. The
design boundary is the top surface of the beam, and the design variable is
the depth of the beam. The stress constraint is at the middle point A of the
lower surface of the beam. A finite difference method with very fine mesh and
1 x 10~* perturbation gives a stress sensitivity value of 10 at A, which will be

served as the exact solution.

The numerical results are given in Table 4.2 and plotted in Fig. 4.21. The
first column of the Table 4.2 is the boundary element mesh, column 2 and 3 are
stresses by BEM and related error compared with beam theory solutions. The
next 8 column are stress sensitivities and their relative errors compared with
FDM solution at A (i.e. 10). From these results it can be observed that the
accuracy of the stress obtained by BEM is higher than the stress sensitivity.
This is probably because stress sensitivity is a function of stresses of the initial
problem, therefore the stress semsitivity can not be expected to have better

accuracy as stress itself.

As the number of elements are increased, the numerical sensitivities ap-
proach the exact solution. All the four methods provide good accuracy with a
reasonable fine mesh. Again the accuracy of PLM is relatively poor than the

others.

4.8.2 A Circular Plate Under Internal Pressure

The reason for choosing this problem is that we know the analytical solutions
for both stresses and the stress sensitivities, which makes it possible to evaluate

the exact errors of the numerical sensitivities.

Due to symmetry, only quarter of the ring is modelled as shown in Fig.
4.22. The design boundary is the outer ring surface, and the design variable

is the outer ring radius b. As the analytical solutions for this problem are
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available [14], we will use the analytical solutions to derive the perturbation
loads for FDLM, and by solving the perturbation problem analytically, we can
prove that the FDLM will give the exact solution.

The tangential and normal stresses of the out ring surface are:

a? b?
%= goatta T

o, = 0 (4.107)

il
o

By using the formula (4.96), the perturbation loads on the outer ring

surface can be obtained:

_ 2
Pn = TR — )
p: = 0 (4.108)

The solutions for an elastic ring under external uniform load p* can be

obtained analytically, which are (for stresses) :

2ba? 2

a
% = “moaptta)
2ba® a’
™= (b2 — az)z(1 - ;E) (4.109)

These solutions are the same the with the derivatives of the initial stress
(4.107) with respect to the design variable . Thus we proved that the solutions
of FDLM are exact for this example.

Next, we will exam the accuracy of the stress sensitivity of PLM, ELM,
SSM, and FDLM respectively with the mesh refinements. Note the pertur-
bation loads for FDLM will be obtained numerically by using (4.96). The
material properties are: £ = 1.0 x 107, and v = 0.3. N; and N, are the ele-
ments number, and the density of the pressure is 1. The radii are: a=4, b=6.

The constraint is the point A on the inner ring surface.
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In the same way as last example, the stress sensitivities obtained with
different approaches and meshes are listed in Table 3 and plotted in Fig. 4.23.
It can be observed that ELM, SSM and FDLM converge very fast, PLM also
provides a good result with a fine mesh. Again as in the beam example, the

error of the stress sensitivity is always greater than the error of the stress.

4.8.3 A Fillet Example

The dimensions and the boundary element modelling are shown in Fig. 4.24.
Young’s modulus and Poisson’s ratio are 30.0 x 10° and 0.293 respectively. The
external loads is 100, and 45 continuous quadratic elements are used for the

analysis.

The design boundary 7 is denoted by ab (from element 24 to element 33).
The design boundary movement is given by V, = b x ¢, where the vector

c¢=10,1,1,1,1,1,1,1,1,0] as shown in Figure 4.25.

The stress sensitivity results for the design boundary elements are shown
in Table 4.4, and plotted in Fig. 4.26. The finite difference (FDM) results are
obtained by disturbing the design variable by 1 x 107.

The agreements between FDM and PLM,ELM, SSM and FDLM are very
good except for element 24, which is near the corner. The reason for the poor
results on element 24 may be due to the fact that stresses are singular near the
corner, so the evaluation for stress sensitivity by either FDM or other methods
may not be reliable. The results indicate ELM, SSM, and FDLM give better
results than PLM in general.
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4.8.4 An Elastic Ring under a Concentrated Load

This example is used to demonstrate the accuracy of the various approaches
for more complex example. The problem is shown in Fig. 4.27. Due to
symmetry, only quarter of the ring is modelled as shown in Fig. 4.28. The
design boundary is the outer ring surface, and the constraints are the inner
ring surface stresses. 32 quadratic elements are used, Ny = 10, N, = 6. The

material properties are: £ = 1.0 x 107, v = 0.3, and the geometry data are:

a=1.5, b=2.25.

A uniform velocity field is assumed first, i.e. ¥;, = 1, The stress sensitivities
at each element of the inner ring are listed in Table 4.5, and plotted in Fig.
4.29. The finite different results (FDM) are obtained by disturbing the outer
ring surface with § = 1 x 107, As can be seen from the results that all the
numerical methods provide excellent agreements with finite difference results,

whereas the PLM gives relatively poor results especially near the corners.

Another velocity field is used next to check the influence of the velocity
field, with V,, = b* sin(2z), where b is the design variable, and z is the angle
as shown in Fig. 4.28. The sensitivity results are listed in Table 4.6. Generally
the results are not as accurate as in uniform velocity case, but the agreements
are still good. The worst results by PLM appear near the corners, which may
be due to the fact that the BEM solutions by using point load is approximately
correct only in the sense of integral, not the distribution. When this integral

is multiplied by a nonlinear velocity field, the results become worse.

It should be mentioned here that the ¢; term in equation (4.96) is zero for
the uniform velocity case, but it is non-zero for the sin(2z) velocity in which

¢ = —2/r X cos(2x).
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4.9 Concluding Remarks

Based on the theoretical consideration discussed in this chapter, and the jus-
tification of the numerical examples presented in last section, we conclude the
following observations on the accuracy and the limitations of the four numer-

ical methods for design sensitivity analysis.

1. The four methods are developed base on 2-D elastic problem, but all of

them can be extended to 3-D problem with the same procedure.

2. The accuracy of the stress sensitivity is better in the case of smooth de-
sign boundary than the non-smooth boundary, and poor accuracy occurs

when the constraint is near a corner.
3. In general, ELM, SSM and FDLM give better results than PLM.

4. The sensitivity results can be deteriorate when the constraint is on an

area with small stress and stress sensitivity.
5. The accuracy of stress sensitivity usually are not as good as stress itself.

6. The stress and the displacement constraints using FDLM can be on ei-
ther a traction boundary or a kinematical boundary, whereas the contin-
uum approaches (PLM, ELM and SSM) are developed for the traction
boundary only. The extension of the continuum approaches to kinemati-
cal boundary is straightforward in concept, but further research is needed

to investigate the numerical accuracy.
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Element’s No. | 1 2 3 4 5

o -19.44 1 -17.29 1 -15.33 | -13.18 | -11.14
FDM 29.71 ] 26.62 | 23.31 | 20.14 | 16.98
PLM 28.03 |24.35 |21.56 | 18.67 | 15.77
% 5.6 8.5 7.5 7.3 7.1
ELM 29.59 [25.29 | 22.46 | 19.46 | 16.45
&% 44 5.0 3.6 34 3.1
SSM 29.00 |26.07 |22.85 |19.74 | 16.65
&% 2.4 2.1 2.0 2.0 1.9
FDLM 29.18 |25.96 | 22.87 | 19.80 | 16.74
% 1.8 2.5 1.9 1.7 1.4
Element’s No. | 6 7 8 9 10

o -9.10 |-7.07 |-5.44 |-3.02 |-1.01
FDM 13.85 | 10.74 | 7.65 | 4.57 1.53
PLM 12.85 [ 9.89 |6.84 |[346 |-1.31
&% 7.2 7.9 10.6 | 24.2 *
ELM 13.44 1042 | 738 |4.24 |6.96
6% 3.0 3.0 3.5 7.2 354.9
SSM 13.58 | 10.51 | 7.45 |4.53 |4.55
5% 1.9 2.1 2.6 0.9 197.7
FDLM 13.68 | 10.64 | 7.59 | 4.56 1.86
6% 1.2 0.9 0.8 0.2 21.5

Table 4.1 Low Surface Stress Sensitivities of the Beam

* indicates the numerical results having the opposite sign compared with the

FDM method.
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Mesh Stress |6 | PLM |6 ELM [é§ [SSM |¢§ FDLM | §
nyXny | o % a;, % o, % | o, % a'f %
3x1 -9.864 | 1.4)9.147 |85 |9.456 | 5.4 |13.839 | 38.4 | 9.471 5.3
5x1 -10.085 | 0.9 | 8.728 | 12.719.695 | 3.1 | 10.420 | 4.2 | 10.231 | 2.3
7x2 -10.134 [ 1.3 [ 9.048 [9.5 |9.834|1.7|9.745 |26 |10.308 |3.1
9x2 -10.076 { 0.8 [ 9.215 | 7.9 |9.837 1.6 |10.065 0.7 |10.189 | 1.9
11 x3 |[-10.07210.7|9.377 | 6.2 |9.887 | 1.1 |10.069 0.7 |10.183 } 1.8
Exact | -10.000 10.000

Table 4.2 Stress Sensitivity of the Cantilever Beam
Mesh Stress | § | PLM |§ ELM |é§ SSM | § FDLM | §
nXny|o % |o, % |0, % |o, % |os %
1x1 2.587 [0.5-0.686 | 28.5 | -0.768 | 20.0 | -0.761 | 20.7 | -0.510 | 46.9
Ix1 2.601 |0.1]-0910 5.2 [-098 |2.1 [-0.931]3.0 |-0.930 {3.0
5%x2 2.600 | 0.0]-0.927 { 3.4 |-0.950 | 1.0 |[-0.957 | 0.3 |-0.960 {0.0
7x3 2.600 [0.0]-0.936 |25 |-0.953|0.7 |-0.960|0.0 |-0.960 |0.0
11 x3 |2.600 {0.0{-0.941 20 |-0.955 0.5 |-0.960|0.0 |-0.960 | 0.0
Exact | 2.600 -0.960

Table 4.3 Stress Sensitivity of the Circular Plate
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Element 24 25 26 27 28
o 150.0 |88.8 |70.9 |59.7 |50.7
FDM -103.80 | -134.40 | -44.78 | -27.77 | -20.64
PLM o, |-83.25 |-115.36 |-46.56 | -28.71 | -21.15
6% 190 |139 |40 |34 |25
ELM o, % | -96.42 | -128.96 | -44.97 | -27.95 | -20.77
6% 6.4 3.8 04 {06 |06
SSM o, | -214.13 |-116.52 | -46.89 | -28.73 | -21.15
6% 108.0 |13.0 |47 |34 |25
FDLM o |-113.01 | -120.10 | -43.52 | -27.68 | -20.59
6% 9.7 106 |28 |03 |02
29 30 31 32 33
o 429 357 |283 |202 |94
FDM -17.24 | -15.79 | -16.00 | -22.58 | 6.29
PLM o, |-1744 |-15.73 |-15.55 | -18.94 | 1.67
6% 1.2 0.4 28 |[161 |73.44
ELM o, -17.30 | -15.79 |-15.88 |-22.11 | 2.77
é 0.3 0.0 08 |21 |55.96
SSM o, -17.44 | -15.73 | -15.63 | -19.25 | -6.17
6% 1.2 0.4 23 | 147 |
FDLM o} |-17.22 |-15.80 |-15.88 | -23.02 | 4.57
6% 0.1 0.1 08 |19 |27.3

Table 4.4 Stress Sensitivity of the Fillet Example
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Element’s No. | 1 2 3 4 5

o 135.5 (922 51.6 16.3 -15.2
FDM -285.34 | -211.11 | -126.87 | -51.97 | 15.63
PLM -313.79 | -214.04 | -129.99 | -54.82 | 13.04
&% 10.0 14 24 5.5 16.5
ELM -281.70 | -212.09 | -128.25 | -52.68 | 15.56
8% 1.3 0.5 1.1 14 0.5
SSM -289.96 | -211.12 | -126.09 | -51.04 | 16.64
8% 1.6 0.5 0.6 1.8 6.4
FDLM -287.29 | -212.81 | -127.91 | -52.48 | 15.59
&% 0.7 0.8 0.8 1.0 0.3
Element’s No. | 6 7 8 9 10

o -42.68 |-65.51 |-83.16 |-95.17 |-101.26
FDM 75.07 1124.59 | 163.04 | 189.28 | 202.78
PLM 73.02 ‘123.74 164.60 | 197.13 | 253.04
&% 2.7 0.7 1.0 4.1 24.8
ELM 75.64 | 125.90 | 165.18 | 192.76 | 198.61
% 0.8 1.0 1.3 1.8 2.1
SSM 76.11 125.67 | 164.10 | 190.70 | 206.13
5% 14 0.9 0.7 0.8 1.7
FDLM 75.51 125.53 | 164.29 | 190.89 | 204.80
6% 0.6 0.8 0.8 0.8 1.0

Table 4.5 Stress Sensitivities of the Elastic Ring
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Element’s No. | 1 2 3 4 )

o 135.5 | 92.2 |51.6 16.3 |-15.2
FDM -60.42 | -87.74 | -93.73 | -62.73 | -9.30
PLM -81.20 | -89.14 | -90.79 | -60.47 | -10.00
5% 344 1.6 3.1 3.6 7.5
ELM -58.70 | -88.93 | -94.05 | -62.97 | -10.03
8% 2.9 1.4 0.4 0.4 7.8
SSM -61.34 | -89.25 | -95.14 | -63.68 | -9.72
8% 1.5 1.7 1.5 1.5 4.5
FDLM -59.46 | -86.97 | -93.12 | -62.33 | -9.18
8% 1.6 0.9 0.7 0.6 1.3
Element’s No. | 6 7 8 9 10

o -42.68 | -65.51 | -83.16 | -95.17 | -101.26
FDM 44.98 | 81.63 | 89.95 | 69.81 | 41.50
PLM 41.36 | 76.92 | 86.96 | 72.88 | 65.95
8% 8.0 5.8 3.3 44 59.0
ELM 43.77 }80.52 | 89.51 | 70.97 | 39.65
% 2.7 1.4 0.5 1.7 4.5
SSM 44.59 | 81.61 |90.21 | 70.30 | 42.56
8§ % 0.9 0.1 0.3 0.7 2.6
FDLM 44.81 |81.31 |89.35 | 69.07 | 40.80
6% 0.4 0.4 0.7 1.1 1.7

Table 4.6 Stress Sensitivities of the Elastic Ring

(under V,, = sin(2z)b)
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Fig. 4.2 Velocity Field on the Design Boundary
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Fig. 4.5 Point Adjoint Loads
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Fig. 4.8 An Adjoint Problem

Fig. 4.9 A Semi-Infinite Plane with an Extra Part
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Fig. 4.15 The Definition of Function f

Fig. 4.16 An Explanation Example
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Fig. 4.17 A Cantilever Beam
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Fig. 4.20 The Arrangement of the Meshes
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Fig. 4.22 A Circular Plate Example
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Fig. 4.25 Design Boundary Perturbation
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Chapter 5

Shape Optimization Using the
Boundary Element Method

5.1 Introduction

In the previous chapters, different elements of shape optimization are discussed,
including mathematical programming methods, the boundary element method
and shape design sensitivity analysis. An integrated shape optimization system
contains a number of subproblems which must be treated properly in order to
obtain a satisfied optimum design. The five main subproblems of a shape

optimization system are described as following:
1) Structural Analysis

Structural analysis provides the response of a structure under certain loads.
The responses, e.g. displacements and stresses, are used to measure the struc-
tural performance, and used in optimization for the evaluations of objective
function, constraints, and design sensitivities, so an accurate structural anal-

ysis package is very important in shape optimization system.
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2) Optimum Problem Formulation

Transforming an engineering design into an optimization problem needs
both experience of the engineering design as well as numerical shape optimiza-
tion techniques in order to select the design variables, the objective function,
and the constraints. For example, we want to design an elastic component with
the minimum cost for the production and the minimum stress concentration.
The designer may choose either a multiple objective formulation where both
the cost and the stress concentration are to be minimized, or to choose the cost
as the objective whereas the maximum stress concentration as a constraint.
When considering the cost of production, he should take into account both
the cost of the material and the manufacturing cost (labours and machines).
The different choice of the objective function, the design variables and the

constraints will influence the use of the optimization algorithms.
3) Design Sensitivity Analysis

Design sensitivity analyses provide the gradients of the objective function
and constraints with respect to the design variables. The capability to obtain
the design sensitivity in an accurate and efficient manner is essential for all

shape optimization system.
4) Optimization Algorithms

Various mathematical programming techniques have been developed to
solve numerical optimization problems. Unfortunately there does not exist
a universal algorithm which works well for all problems, this is because that
the convergence and the efficiency of a particular algorithm is dependent on
the problem to be solved. A general shape optimization system should contain
wide range of algorithms so that users can have many choices according to

their problems.
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5) Design Modeling

As shape optimization is an iterative process, each iteration will form a
new boundary. The task for design boundary representation, the boundary
node relocation, the adaptive remeshing, and the error estimation, all have a

strong influence on the final design.

In addition to the five basic elements, an advanced shape optimization
system should also include many other facilities, such as interactive computer
graphics for pre- and post-processing and intermediate result displays, expert

system to provide a design data base eic.

The five basic elements mentioned above are connected to each other as
a whole to form a shape optimization system. During shape optimization,
any one element fails to perform properly, the whole system could collapse.
Therefore a throughout understanding of each element and careful implemen-
tation are crucial for a shape optimization system. Element 1,3 and 4 have
been discussed in chapter 2, 4 and 3 respectively. In the remaining sections of
this chapter, we will discuss some issues of the design modelling and numeri-
cal implementation of shape optimization system, and present some numerical

examples to justify those discussions and observations.

5.2 The Design Model and the Analysis Model

In a shape optimizatlion system, there exist two distinct models: the design
model and the analysis model. The design model is used to describe the
geometry of a design, in which the design boundary is controlled by the design
variables, whereas the analysis model is employed for the numerical analysis.
Generally speaking, the design model is created first which has few master
control points, and the analysis model is imposed on the design model which
usually has.many-more.nodes-where the geometry is defined. Fig. 5.1 shows a

fillet example with 5 design variables located on the design boundary ab. Fig.
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5.1(a) is a design model, and Fig. 5.1(b) is an analysis model. It should be
noted that both the design model and the analysis model are the approximation

of the geometry of the real problem.

5.2.1 The Design Model

The main concern of the design modelling is: How to choose the design vari-

ables, or in other word how to model the design boundary.

One simple choice of the design variables is to select all the nodes of the
analysis model on the design boundary as design variables. However this will
often yield huge number of design variables, and the continuity between ele-

ments can not be guaranteed.

The most widely used method for design variables is to choose some master
nodes. By defining a few master nodes (also called key nodes, control nodes)
as the design variables, the design boundary can be represented as some kinds
of fitting of these master nodes. Various fitting techniques have been used in
the literature, such as polynomial representation [1, 2, 3], cubic spline [4, 5, 6],

Bezier and B-spline [10]

The main advantage of spline fitting over the polynomial fitting is that high
order polynomial is not stable, and can result in oscillatory design boundary,
whereas a spline is composed by low order polynomial with continuity between
adjacent pieces. Fig. 5.2 shows an example of the same master nodes with
different fitting methods. It can be seen that different fitting will produce
different curve, and the cubic spline and B-spline have a better smoothness

than the polynomial forms.

Another way to model the design boundary is to use the concepts of design

elements. This method basically subdivides the boundary into a number of de-
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sign elements, with each element controlled by one to a few design parameters

(design variables). The further details can be found in reference [7, 8, 9]

The choice of the design variables also depends on the nature of the geom-
etry of the design boundary. For example if the design boundary is a circle,
and the design requires the shape of the design boundary remaining as a circle,
then the obvious choices of the design variables are the position of the center

point of the circle and the radius of the circle.

5.2.2 The Analysis Model - Remeshing Problem

The structural response can be solved by numeérical analysis method, such as
FEM and BEM. One special problem occurs for shape optimization problem
due to the modification of the design boundary, therefore it is necessary to
either relocate the nodes or totally regenerate the mesh on the design boundary.
One main advantage of BEM over FEM in shape optimization problem is the

attractive feature of BEM in which there is no need for domain remeshing.

Even though boundary element discretization is relatively easier than FEM,
it still needs an automatic mesh generator to prevent mesh distortion and odd
distribution. Various error indicators and refinement methods have been devel-
oped for BEM which have been proved to have better accuracy and efficiency
than FEM [11, 12, 13]

As the shape optimization system involves many iterations, so the minimum
refinements of the mesh at each iteration can save a lot computing cost. For
some problems, it will be not necessary for the adaptive mesh if we can put
the first mesh right. A simple scheme is proposed for the mesh generation as

follows:

Step 0 A new design boundary is obtained at iteration 1.
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Step 1 The first mesh on the design boundary will be generated based onr the

following three criteria.

1. The element length is proportional to 1/k, where k is the curvature of
the boundary. Since large k will usually produce high stress variation,

therefore this will put more elements near big stress variation.

2. The maximum ratio of two adjacent elements should within recommended
range, expressed as 1/c < [;/l;;; < ¢, ¢ can be taken as 3 for smooth

boundaries, 2 for corners. This is used to assure the H and G matrix

having a good conditions.

3. The maximum length of the elements should not be bigger than the

maximum length in the previous iteration to prevent too coarse mesh.

Step 2 Carry out the structural analysis based on the mesh given by step 1.

Step 3 Two basic checks after the analysis of step 2.

1. Global equilibrium, i.e.

R = / tidr + /ﬂ bid® (5.1)

where t; and b; are boundary traction and body force respectively, and
R, is the residual. R; is mainly from the discretization error when the
prescribed boundary conditions are displacements, in which the distri-
bution of the unknown tractions are approximated by the interpolation

functions.

2. Strain Compatibility at the common nodes which belong to two adjacent

elements,
R2 = lE] b E')_I (52)
where €; and €, are the strain measure at the common node i from two

different elements 1 and 2 as shown in Fig. 5.3, and R; is the difference

of these two measure. Rj presents the discontinuity of the strain.
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If either R; or R; is greater than the specified value, then a mesh refinement
is needed. Go back to step 2 after the mesh refinement. Continue this process

until both R; and R, satisfy the conditions.

The mesh refinements can be carried out by two ways, the A method and
the p method. The A method refines the mesh by decreasing the mesh size h,
and keeps the order p of the piecewise polynomials fixed. In the p method,
the mesh size k is fixed, and the order p of the polynomials is increased. Both
methods and their combinations (A — p method) have been widely used in

BEM.

The first generated mesh by step 2 provides an easier and efficient method,
which, in many 2-D cases, will create a well distributed mesh with no further
adaptive mesh needed. Fig. 5.4 shows an application of such mesh generator,
Fig. 5.4(a) represents the final mesh of a circle at the iteration 7, and Fig.
5.4(b) represents the first new mesh at iteration ¢ + 1. It can be seen that the

new mesh is well distributed.

5.3 Shape Optimization Implementation

5.3.1 Introduction

The structure design is usually carried out by ‘trial and error’ method, which
can be illustrated by Fig. 5.5. Starting with an initial design, the structural
responses of the design can be evaluated by structural analysis such as FEM
and BEM. If the analysis results do not satisfy the criteria set by engineers,
then a new design will be proposed, which in many ways depends on the de-
signer’s experience and intuition. After remodelling the design, the structural
analysis will be carried out again. Repeating this process until the analysis

results satisfy all the criteria.
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The analysis itself gives no indication of how to improve the design, espe-
cially for a complex structure with multiple load cases. -Thus it is very difficult

for designers to modify the current designs manually.

Optimal structural design, on the other hand, takes into account these
criteria in a systematical way so that the modified design will move toward
the optimal design. Fig. 5.6 shows a typical shape optimization system, which

contains the 5 basic elements discussed in 5.1.

The optimal design starts the optimization formulation, in which the design
criteria are implemented into the optimization formulation in terms of objective
function, constraints and the design variables. After the structural analysis,
an improved design will be obtained by minimizing the objective, and keeping
constraints to be satisfied. If the new design satisfies the convergence test,
then the possible ‘best design’ is obtained. Otherwise the new design will be
remeshed, and repeat the loop starting structural analysis until the satisfied
design is obtained. As the whole design loop is done by computer, with the
designer’s interface, the design process will be more economical and reliable

compared with the manual design.

5.3.2 SOP - A Shape Optimization Program

A shape optimization program - SOP (Shape Optimization Program) has been
developed for research purpose by the author. The computer code in Fortran
includes one main program SOP, and five main Subroutines SOP1 - SOPS5,
which is used for 2-D elastic optimum structure design. The flow diagram
of SOP is shown in Fig. 5.7. In what follows we will describe the functions
of the main subroutines, and discuss some numerical considerations during

implementation.

SOP - The main program
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The functions of SOP are to call other subroutines, and to control the

overall flow of the program.

SOP1 - Input data of BEM and optimization parameters

The optimization parameters contains: number of design variables, number

of constrains, the objective function, and the initial parameters for optimizer

ADS.

SOP2 - Boundary element analysis

This subroutine solves the 2-D elastic problem using quadratic boundary
elements. The element types can be either continuous or discontinuous, as

shown in Fig. 5.8.

In addition to the normal boundary conditions (tractions and displace-
ments), SOP2 can also handle the point loads. The point loads are treated as

body forces, and the system equation can be written as
HU=GP+B (5.3)

where H G are influence matrices, and U and P are vectors of displacements
and tractions respectively. The body force term B with point loads b, b, ...

and b, can be obtained as:
B,' = Z/{; bju"dﬂ = iju*(Pj, Q,) (54)
j o8- i

where v*(P, Q) denotes the fundamental solutions with source point at j, and

the integration point at i.

The LU decomposition method is employed to solve the BEM equation.

The procedure of LU decomposition is as following, which is mainly from [14].

Consider a linear equation,

AX=F (5.5)



149

The matrix A can be decomposed as a product of two matrices, i.e.
A=LU (5.6)
where L is the lower triangular, and U is upper triangular, therefore,
AX=L(UX)=LY =F (5.7)

and

UX=Y (5.8)

As L is triangular, so the equation 5.7 can be solved for Y by simple
forward substitution. After Y is known, the real unknown X can be obtained

by solving equation 5.8, in which the back substitution will take place.

The advantage of splitting one linear system equation into two successive
ones is that it is more efficient to solve linear equation with different right
hand F. After decomposition A into LU, the solutions for any right hand F
can be obtained by one forward substitution and one back substitution. This
feature will be useful for solving adjoint problems during sensitivity analysis,

in which each adjoint load will be treated as one extra load case.

SOP3 - Sensitivity analysis

The continuum method using the adjoint loads is used for sensitivity anal-
ysis. The adjoint load for displacement sensitivity is a point load (treated as
body force), and the adjoint loads for stress sensitivity are the triangular ele-
ment loads. The adjoint problems will be solved by using the already factorized
LU method as discussed in SOP2.

'SOP4 - Optimizer ADS

ADS is a general purpose numerical optimization programming containing a
wide variety of algorithms, which have been widely used in optimization system

[15]. Numerous options are provided by ADS for solving both unconstrained
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functions and constrained functions. ADS is called by the main program SOP

as a subroutine.

SOP5 - Mesh Generator

A simple mesh generator for design boundary modelling is implemented
according to the step 2 of 5.2.3. Two types of design boundary representations
are used, one is the linear boundary representation, and the other is the cubic

spline representation.

The linear representation links the master nodes by straight lines. Fig. 5.9
shows an example of design boundary ab controlled by n master nodes b,, b,,
. » by. In the case of the design variables b; presenting the y coordinates of
the boundary ab, and z; is the = coordinate of b;, then the design boundary

can be expressed as,

it — g z—z ‘ i1
f(=) = it ;z:ibi'H t oo z.’bf o <z <t (5-9)

The variation of the design boundary is,
it _ i

— T
§f(z) = ———%5b,-+1 + ;

T il i1 _ gt

(5.10)

6f will be used to calculate the velocities in normal and tangential directions

(i.e. V, and V).

A cubic spline is constructed by piece-wise third-order polynomials ar-
ranged such that adjacent elements are forced to join together with continuous
first and second derivatives. Therefore cubic splines do not have the wiggle

problem associated with high-order polynomials [16].

Consider n master nodes with coordinates (z?, y!), (22, ¢?), ..., (", ¥*)
as shown.in Fig. 5.10, and the y coordinates are the design variables. So the

design boundary on interval z* and z**! has the form [14],

f(z) = Ayi + Byiy1 + Cii + Dyina (5.11)
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where y; denotes the second derivative of the curve, and

A mi-l-l -z
T il g

B z—g
T opiHl i

C = %(A:i _ A)(zi-{—l _mi)2
D = é(B“ — B)(z'*! — 7)? (5.12)

let z*! — z* = h, and substituting 5.12 into 5.11,

it — g -z it~z . .
f(z) = Vit Tt (=" — z)* — A*3i;
z—z : )
+ o [(z — 2%)® — R*§igs (5.13)

where y; = b;, yiy1 = biy1. ¥ can be obtained by considering the continuity of
the second derivative at every node, and by specifying the boundary conditions

at z! and z"™ [17].

The variation f due to the change of the design variable b; can be derived

as
it~z z — 1z gt -z 2 1 9ycw
+Z ;h’” [(z — )2 — h2)6§ina (5.14)

note that each time only one design variable is nonzero, i.e. only one éy;
is nonzero. The evaluaton of 83 can be carried out by the finite difference

method.

5.4 Numerical Examples

The program SOP is used here for shape optimal design problems. Some of

the examples.are solved-by-modified version of SOP - called SOP1, in which
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BEASYG and BEASY! are used for the preprocessor and structural analy-
ses. Numerical examples are presented to justify the theory implemented in
SOP, and to investigate the different features of shape optimization. The four

examples are:

1) A beam example
2) A fillet example
3) An infinite plate with a hole

4) A connecting rod

The objective function for all these examples is the area of the component,
which can be calculated by transforming the domain integral into boundary

integral using Greens theorem, i.e.

F(z)= /‘;dxdy = ﬁynyd'r = zn:/T Yiny, dr (5.15)

where n is the boundary element number, n, is the y component of normal

vector, and y; is the y coordinate of element i.

The constraint is the Von Mises stresses,

Gz)=2-1 (5.16)

Oa

where o, is the allowable stress, and o is the Von Mises stress which can be

expressed as

= fo2 2 2 _
o= \/ou + 02, +30%, — 0220y,

The stress sensitivities are carried out by using the continuum method,
in which the adjoint loads are the distributed triangular loads. The design
variables are the master nodes on the design boundary. The design boundary

is modelled by either linear or cubic spline representation.

1BEASYG and BEASY are the commercial programs of Computational Mechanics

Institute
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5.4.1 A Beam Example

The first example is the optimum design of a cantilever beam. The beam is
subject to a uniform vertical traction at its right end with p = 10N/m, and
the total force P = 40N will remain constant during optimization. The initial
shape and the boundary discretization of the beam are shown in Fig. 5.11,

where b = 4m, [ = 10m.

The problem is considered as a plane stress problem. The material prop-
erties are: Young’s modulus E = 1.0 x 107psz, Poission’s ratio v = 0.3. The

allowable stress is taken arbitrarily as o, = 130 N/m?2.

The design model is shown in Fig. 5.12, in which 5 master nodes are
chosen as the design variables, which can move in y direction only. Due to the
symmetry, the master nodes on the top surface of the beam can be linked with

the design variables as
Yits = 2c —y; 1 =,1,2,3,4,5 (517)

where c¢ is the y coordinate of the central axis.The design boundary is formed

by piecewise straight line connecting the master nodes.

The initial value of the objective function is 40.000, and the maximum
stress violation is 6.3 x 10~2. The final deign is obtained after 7 iterations, the
objective function is reduced to 29.066, and the maximum stress violation as
0.42 x 10~2 which is within the required limits of maximum stress violation
1.0 x 1072, The term ‘final design (sometimes called optimum design)’ is
used here to indicate the final design after the convergence test, in which the

objective reaches a local minimum, and all the constraints are satisfied.

The modification history and the history of the objective function of the
beam are shown in Fig. 5.13 and Fig. 5.14 respectively. It is noted that the
shape at iteration 3 is nearly the same as the final shape. This also can be

seen from the history of the objective, in which it decreases rapidly in the first
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3 iterations, and then keeps almost constant.

The stress distribution of the beam at the initial design and the final design
are shown in Fig. 5.15, which indicate that the stress level over the design
surface has increased significantly. The big variation of the Von Mises stress
along the design boundary are due to two reasons, 1) the mesh is very coarse,
2) the design boundary is piecewise linear, which will produce sudden change

of the geometry at the master nodes.

A refined mesh is used next as shown in Fig. 5.16, with 7 master nodes
Y1, ---» Y7. The optimum design is obtained after 7 iterations as shown in Fig.
5.17, which is nearly identical to the previou\s design. The stress distribution
of this design is far smoother as can be seen from Fig. 5.18. This shows that
even with similar shape, the stress distribution by BEM can differ a lot with
different meshes, therefore it is advisable to avoid using a too coarse mesh in

shape optimization problems.

In order to prevent the appearance of the nonsmooth boundary, a cubic
spline boundary representation is employed. 7 design variables are used with
the initial mesh as in Fig. 5.16. During optimization, the automatic remeshing
is carried out to put more elements near the tip such that the load effects can
be confined in a small area. The design converges at iteration 8, and the
final design and the mesh distribution are shown in Fig. 5.19. The stress
distribution of the final design are shown in Fig. 20. It can be seen that the

stresses are more smoother than the linear case (Fig. 5.18).

5.4.2 A Fillet Example

The fillet example has been widely used to test optimization system, since it
presents a large number of optimization problems with stress concentrations

[18, 19]. The initial geometry of the fillet is shown in Fig. 5.21, where ab is
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the design boundary with a and b fixed. The external load p at the right hand
end is 100 psi. The material properties are: E = 1.0 x 107 psi, v = 0.3. The

allowable stress is assumed as 120 psi.
Piecewise linear design boundary

The y coordinates of 9 points on the design boundary are chosen as design
variables as shown in Figure 5.22. The initial value of the objective function
is 145.125, and the maximum stress violation is 0.244. The final design is
obtained after 9 iterations, the objective function reduces to 134.420, and the

maximum stress violation is 2.13x1072. The initial design variables are
4.950, 5.400, 5.850, 6.300, 6.750, 7.200, 7.650, 8.100, 8.550

and the final values are
4.500,4.501,4.586,5.650,4.789,4.922,5.143, 5.384, 5.806

The final shape is shown in Figure 5.23.

If only 4 design variables are used, i.e. y2,y4,y6 and ys, then the design con-
verge after 6 iterations, the objective function becomes 138.046, and there is no
stress violation. The final design is shown in Fig. 5.23. It can be observed that
the linear boundary representation produce a nonsmooth boundary, especially

for the case of less design variables.
Cubic spline boundary

The 9 design variables are the same as in piecewise linear boundary shown
in Figure 5.22. The final design is obtained after 8 iterations, the objective
function reduces to 134.284, and the maximum stress violation is 4.9x1073.

The design variables at the final shape are
4.504,4.504,4.571,4.636,4.766,4.896, 5.101, 5.311, 6.069

The final boundary shape is shown in Figure 5.24.
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Figure 5.25 shows the change of the objective function and the maximum
stress constraint during the optimization process. It can be seen that the ob-
jective function reaches the minimum for the first few iterations, the maximum
stress constraint does not converge at this stage. Then both the objective func-
tion and the maximum stress constraint converge to the final optimal values

as the iteration proceeds.

If only 4 design variables are used, after the same number of the itera-
tions, the objective function is 137.294, and the maximum stress violation is

7.6x1073. The final design is shown in Figure 5.24.
New design variable system using the cubic spline

It is noted that the left hand design boundary of the final design (Fig. 5.24)
is nearly vertical, therefore this part of the design boundary is not efficiently
controlled by the master nodes. A new set of design variables is chosen as
shown in Fig. 5.26 which takes into account this consideration. The design

variables are equally spaced along Z, and can move in § direction only.

Different number of design variables (NDV) are used, and the final shapes
are shown in Fig. 5.27. If no remeshing is carried out during the optimization,
the final design has a wiggling design boundary as shown in Fig. 5.27(a),
whereas the remeshed final design of Fig. 5.27(b) is smooth. The final designs
are almost the same for NDV = 5,7,9, which have a similar shape with FEM
results [18]. But further decrease NDV from 5 to 3 will cause a nonsmooth
boundary and a big increase of the objective function. The further increase
NDV from 9 to 11 will result in a wiggling boundary. Therefore we have the
observation: if the master nodes are used as design variables, the number of
design variables should be within a range in order to get a smooth boundary.
According to author’s experiences, the remeshing of the design boundary is
easier for small NDV than big NDV. The wiggling shape for large NDV also
appears in using FEM for the optimum design of the fillet [18].
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5.4.3 A Plate With a Hole

A square plate with a central hole is shown in Fig. 5.28, subject to the in-
plane tensile loads. The objective is to reduce the stress concentration along
the hole. It has been proved that the best shape of the hole in an infinite plate
for minimum stress concentration is an elliptic, with the ratio of the axes being

equal to the ratio of the applied tensile loads, i.e.

Oz

=v (5.18)

o~ R

Ty
where a and b present the axes of the elliptic in z and y direction respectively,

v is the ratio of the applied stresses in z and y directions.

Since the size of the hole is far smaller than the size of the plate, therefore
the plate can be treated as an infinite plate, so the optimum shape of the hole

can be taken as an elliptic with a/b = v.

Due to symmetry, only quarter of the plate is considered, and the design
model is shown in Fig. 5.29. 7 design variables are used, which present the
distance of the boundary master nodes to the central point o. The design
boundary is represented by a cubic spline passing through the 7 master nodes.
The mesh at the initial shape is also shown in Fig. 5.29. 6 elements are used

to describe the quarter of the hole.

Case 1, v=1

(The analytical solution is a circle)

The final design is obtained after just 4 iterations as shown in Fig. 5.30,
which is almost a circle.The maximum error of the geometry is 0.5%, and the

maximum stress error is 2.1%. The geometry error is defined as

Tnu — Tan
by = |—7"——l (5.19)

where yy-and #an-are the numerical value and the analytical value respectively.
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The stress error is defined as

§, = | e Ton, (5.20)

o-ﬂﬂ-

where o0,, and o,, are the numerical stress and the analytical stress respec-

tively. The analytical stress along an elliptic in an infinite plate is 0., = oz+0y.

Case 2, v=2
(The analytical solution is an elliptic with a/b = 2.

The final design is reached in 6 iterations, which is shown in Fig. 5.31.
The maximum geometry error is 1.9%, and the maximum stress error is 4.9%.
It should be mentioned here that the cubic spline can never model an elliptic

exactly, so further reducing the geometry error is nearly impossible.

5.4.4 A Connecting Rod

This example is taken from Abe et al. [20] as shown in Fig. 5.32. The load p is
200 psi, and the allowable stress is 400 psi. The right quarter circle is subject

to normal displacement constraints.

The design boundary is ab with a and b fixed. The geometry constraints
are introduced such that tlie minimum dimensions of the fillet are not less than
the left side width in order to prevent buckling. It is assumed that the stress

constraints are on the design boundary only.

Let us consider the linear boundary representation first, in which 7 master
nodes on the design boundary are chosen as the design variables. The final
design is obtained after 8 iterations as shown in Fig. 5.33. The area of the
connecting rod is reduced from 701.487 at the initial design to 463.762 at the
final design. This result is similar with the result by Abe et al. [20].

In order to obtain a more smooth boundary, a cubic spline is used with

6 master nodes on the design boundary. The final design is obtained after 7
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iterations, and the area is reduced to 463.135. The final shape is shown in Fig.

5.34.

It is found from the final designs of both linear case and the cubic spline
case that there is no stress violation all over the boundary except the stress
near the point A on the top of the half circle, in which the stress violation is
40% for the linear case and 35% for the cubic case. This is because that the
stress at A of the initial design is 380 psi, which is quite close to the allowable
stress. Any deep cut along the fillet boundary will increase the stress at A
significantly. If the stress constraints are imposed on all the boundary, then
the final design using the cubic spline is obtained after 12 iterations. The
area is reduced to 570.721, and there is no stress violation. The final design is

shown in Fig. 5.35.
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Fig. 5.19 The Mesh at the Final Design
(Cubic Spline)
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Fig. 5.34 The Final Design (Cubic Spline)

Fig. 5.35 The Final Design (Cubic Spline)
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Appendix A

Fundamental Solutions of the

Semi-infinite Plane

For a semi-infinite plane under a unit load as shown in Fig. A-1, the Mindlin’s

solutions are (plane strain):

Stresses:
2 2%y
== Al
=22 (A1)
2y’z
Ogy = —; ” (A2)
243
Oyy —;F (A3)
Displacements:
Ty
Uy = —kd{—-(l - 21/)0 - 1‘—2} (A4)
y?
uy = —ka{2(1 —v)In(r) — o (A.5)

where k; = 1/27G, and G is the shear modulus.

For a semi-infinite plane under one pair unit loads along the tangential

direction as shown in Fig. A-2, the solutions can be obtained by differentiating
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the Mindlin’s solutions in y direction, the solutions are given below for plane

strain.
Stresses:
2.2 a2
0y = 22 @ =) g,
T r
2 2zy(z? — y?)
Ozy = ;—716——5y
242(30% — 4?)
W e
Displacements:
242
u = dew(V ;c /r )5,1/
r
2(—v + y?/r?
“ ks y( sz/ )5y

Boundary tractions:

T, = Zolan.(o? — 39?) + 2aymy(a” — )6

2
T, = w—w-[2rvynz(a:2 - %) +y’n, (32° — y*)]6y

(A.6)
(A7)

(A.8)

(A.11)

(A.12)

Where n, and n, are the direction cosines of the normal in z and y direc-

tions respectively.




Appendix B

Derivatives of Boundary
Stresses on the Normal

Direction

Consider an equilibrium structure with traction boundary 7 as shown in Fig.
B-1. Taking a small block A with one side coincide with boundary 7 out from
the domain 2. The stress state of the block is shown in Fig. B-2, in which the

polar coordinates are used.

By considering the equilibrium of block A in radial and tangential direc-

tions, and taking the dimension of the block A approaching to zero, we obtain

do, dog o0, — 0y

o T vao T + X
80,-9 309 20’.,-9

o T et TXe (B-1)

(B.1) can be rearranged to obtain the derivatives of the stresses along n~

direction,

doy,
on-

0o,y Oy —
L+

J]
rod r +X:)

—N
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Jdo ré

on-

990 | 20w

rdf +

= K + Xo) (B.2)

where X, and X are the components of the body force. r is the radius of the
boundary, k¥ = 1 if nt is in the r direction (i.e. convex boundary), otherwise
k = —1. o,, 0,9 are the boundary tractions, o is the tangential stress, which
can be evaluated by differentiating the displacement field of the BEM solutions
on the boundary. Thus once we know the BEM solutions, the above two stress

derivative along n~ direction can be obtained numerically.

For straight boundary, (B.2) can be simplified as:

do,, 0o,

On- ~ Os +X

do, 0o,

-~ o8 T (B-3)

where o, denotes the tangential stress, and o,, is the tangential traction, which
has the positive sign if it is along S direction. X, and X, are the components

of the body force.
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Fig. A-1 Mindlin’s Problem

Fig. A-2 Semi-Infinite Plate under a Pair Loads
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Fig. B-1 An Equilibrium Body

Fig. B-2 The Equilibrium of the Block A

ol Lel ZJI—EL'




Lecture Notes in Engineering

Edited by C.A. Brebbia and S.A. Orszag

Vol. 40: R. Borghi, S.N. B. Murhty (Eds.)
Turbulent Reactive Flows
VIIl, 950 pages. 1989

Vol. 41: W. J. Lick
Difference Equations

from Differential Equations
X, 282 pages. 1989

Vol. 42: H. A. Eschenauer, G. Thierauf (Eds.)
Discretization Methods

and Structural Optimization -

Procedures and Applications

Proceedings of a GAMM-Seminar

October 5-7, 1988, Siegen, FRG

XV, 360 pages. 1989

Vol.43: C.C.Chao, S. A. Orszag, W. Shyy (Eds.)
Recent Advances in Computational

Fluid Dynamics

Proceedings of the US/ROC (Taiwan) Joint
Workshop in Recent Advances in
Computational Fluid Dynamics

V, 529 pages. 1989

Vol. 44: R. S. Edgar
Field Analysis and
Potential Theory

Xll, 696 pages. 1989

Vol. 45: M. Gad-el-Hak (Ed.)
Advances in Fluid Mechanics
Measurements

Vil, 606 pages. 1989

Vol.46: M. Gad-el-Hak (Ed.)
Frontiers in Experimental
Fluid Mechanics

VI, 532 pages. 1989

Vol. 47: H.W. Bergmann (Ed.)

Optimization: Methods and Applications,
Possibilities and Limitations

Proceedings of an International Seminar
Organized by Deutsche Forschungsanstalt fir
Luft- und Raumfahrt (DLR), Bonn, June 1989
IV, 155 pages. 1989

Vol. 48: P. Thoft-Christensen (Ed.)
Reliability and Optimization
of Structural Systems '88

Proceedings of the 2nd IFIP WG 7.5 Conference

London, UK, September 26-28, 1988
Vil, 434 pages. 1989

Vol. 49: J.P. Boyd
Chebyshev & Fourier Spectral Methods
XVl, 798 pages. 1989

Vol.50: L. Chibani
Optimum Design of Structures
Vill, 154 pages. 1989

Vol. 51: G. Karami

A Boundary Element Method for
Two-Dimensional Contact Problems
Vil, 243 pages. 1989

Vol.52: Y. S. Jiang
Slope Analysis Using
Boundary Elements
IV, 176 pages. 1989

Vol.53: A. S. Jovanovig,

K.F. Kussmaul, A. C. Lucia,
P. P. Bonissone (Eds.)
Expert Systems in Structural
Safety Assessment

X, 493 pages. 1989

Vol.54: T. J. Mueller (Ed.)
Low Reynolds Number
Aerodynamics

V, 446 pages. 1989

Vol. 55: K. Kitagawa
Boundary Element Analysis
of Viscous Flow

VI, 136 pages. 1990

Vol.56: A. A. Aldama
Filtering Techniques for
Turbulent Flow Simulation
VIll, 397 pages. 1990

Vol.57: M. G. Donley, P. D. Spanos
Dynamic Analysis of Non-Linear
Structures by the Method of
Statistical Quadratization

Vll, 186 pages. 1990

Vol.58: S. Naomis, P. C.M. Lau
Computational Tensor Analysis
of Shell Structures

Xll, 304 pages. 1990

For information about Vols. 1-39 please contact your bookseller or Springer-Verlag.





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0034002e00350032003600330029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003100200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




